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Four dimensions from two in symplectic topology
Margaret Symington
Abstract. This paper introduces two-dimensional diagrams that are slight general-
izations of moment map images for toric four-manifolds and catalogs techniques for
reading topological and symplectic properties of a symplectic four-manifold from these
diagrams. The paper offers a purely topological approach to toric manifolds as well as
methods for visualizing other manifolds, including the K3 surface, and for visualizing
certain surgeries. Most of the techniques extend to higher dimensions.
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1. Introduction
The goal of this paper is to establish techniques for “seeing” certain symplectic four-
manifolds: a method for drawing two dimensional diagrams (base diagrams) that deter-
mine symplectic four-manifolds and rules for reading topological and symplectic features
of the manifold from the diagrams. The inspiration comes from closed toric manifolds,
i.e. closed symplectic 2n-manifolds equipped with an effective Hamiltonian T n action.
Delzant’s Theorem (Theorem 3.3) says that the moment map image, a polytope in Rn,
determines the symplectic manifold and the torus action. We are concerned here with
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the symplectic manifold and not the action. The philosophy therefore is to forget the
torus action and then try to extend Delzant’s theorem to a broader class of manifolds
using diagrams that generalize moment map images. Without the torus action, what
remains is a Lagrangian fibration by tori with singular fibers. We define the class of
almost toric fibrations as Lagrangian fibrations with certain very simple singularities
allowed in the fibers (Definition 4.5); accordingly, we call symplectic manifolds equipped
with such fibrations almost toric manifolds. This emphasis on the fibration rather than
the torus action gives a new perspective on toric manifolds in arbitrary dimension (in-
cluding a simple topological construction from the moment map image) and, generalizing
to the almost toric case, gives ways to visualize four-manifolds such as the K3 surface
and rational balls.
The definition of almost toric fibrations is guided by a classification, due to Zung [39],
of Lagrangian fibrations that have the local structure of an integrable system with non-
degenerate topologically stable singularities. This classification, up to fiber-preserving
symplectomorphism, is in terms of the base, its geometry, the structure of fibered neigh-
borhoods of the singular fibers and a Lagrangian Chern class. The almost toric fibrations
are those with no hyperbolic singularities, and hence in dimension four the topology of
the singular fibers is determined by the geometry of the base. Therefore, whenever
the Lagrangian Chern class must be trivial (when the base has the homotopy type of
a one-dimensional complex), the base determines the manifold. The two features that
distinguish an almost toric fibration from a toric one are a base that does not immerse,
preserving its geometry, in R2 and the presence of nodal singularities (the positive trans-
verse self-intersection points that also arise in Lefschetz fibrations).
While many of the results and techniques of this paper can be generalized to higher
dimensions, unless otherwise specified we restrict attention to dimension four so that we
can actually draw the base diagrams. The set of closed toric four-manifolds consists of
CP 2, S2 × S2 and blow-ups of these manifolds. The set of closed almost toric manifolds
includes the toric ones as well as sphere bundles over a torus or Moe¨bius band and blow-
ups of them, certain torus bundles over a torus or Klein bottle, the K3 surface and the
Enriques surface (a quotient of the K3 surface by a Z2 action). See Theorem 5.19. How-
ever, some of the most interesting almost toric manifolds are manifolds with boundary.
For instance rational balls that are useful in surgery constructions (Section 9.3) admit al-
most toric fibrations that show these surgeries can be done symplectically. Furthermore,
an exotic symplectic four-ball (Example 3.27) – diffeomorphic to the standard four-ball
but not symplectically embeddable in (R4, dx∧ dy) – admits a simple almost toric (even
toric) fibration.
The topological and symplectic features of an almost toric manifold that we explain
how to see include
• certain surfaces (called visible surfaces), their symplectic area and self-intersections,
and how to detect if they are symplectic or Lagrangian (Section 7);
• the Euler characteristic and first Chern class of the manifold (Section 8); and
• embedded lens spaces, including when they admit induced contact structures
and when said contact structures are tight or overtwisted (Section 9.2).
We also explain how to blow up and down in the almost toric category (which is more
general than the toric blowing up and down) and how toric and almost toric fibrations
assist in understanding symplectic surgeries such as generalized rational blowdowns and
symplectic sums. These are all discussed in Section 10. As an application of visible
surfaces we explain in Section 11 how to “see” surfaces in a K3 surface that reveal the
intersection form E8⊕ E8⊕ 3 ( 0 11 −2 ).
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In addition to an introduction to almost toric manifolds, the material presented
here includes some well known facts from toric geometry, but explained from a non-
standard perspective with no reference to torus actions and moment maps. For instance,
Section 3.2 includes a purely topological construction of toric manifolds that is more
direct and more general than the usual quotient construction (cf. [6]). In Section A
we provide a simple proof of the well-known classification of closed toric (symplectic)
four-manifolds. Most symplectic proofs appeal to the classification of complete toric
(complex) surfaces (cf. [16]); ours is purely symplectic, relying only on the notions in
this paper. In Section 5.5 we outline the classification of almost toric four-manifolds [30].
1.1. Conventions. Throughout this paper we assume manifolds are smooth, except
possibly on their boundaries where they may have corners. We assume that the fibers
of a fibration are connected, compact and without boundary.
We use A to denote an integral affine structure (Section 2.2) and S to denote a
stratification. We write φ : (B1,A1,S1) → (B2,A2,S2) to indicate that the map φ
preserves the affine structures and stratifications, while we write φ : (B1,A1)→ (B2,A2)
if only the affine structure is necessarily preserved by φ.
We use two sets of standard coordinates and standard symplectic forms on two dif-
ferent spaces: (x, y) and ω0 = dx ∧ dy on R2n and (p, q) and ω0 = dp ∧ dq on Rn × T n
where we are employing vector and summation notation so (p, q) = (p1, q1 . . . pn, qn),
dp ∧ dq = ∑i dpi ∧ dqi and v ∂∂p = ∑i vi ∂∂pi , v ∈ Rn. We assume the q-coordinates are
cyclic with period 2π. By a[ ∂
∂q
] we mean the homology class in H1(R
n×T n) represented
by integral curves of the vector field
∑
i ai
∂
∂qi
.
The meanings of light vs. heavy lines and light lines with heavy dashes are explained
in Sections 3.2 and 4.4.
The following common notations are employed: A−T denotes the inverse transpose
of the matrix A; I is the unit interval [0, 1]; and given a fibration π :M → B, the vertical
bundle of TM means the subbundle of TM that is the kernel of π∗. By a lattice in a
vector bundle of rank n we mean a smoothly varying lattice (isomorphic to Zn) in each
fiber of the bundle.
Acknowledgments. I am grateful to John Etnyre for encouraging me to write this
paper and to Eugene Lerman for bringing the work of Nguyen Tien Zung to my attention.
I am also thankful for the helpful comments of John Etnyre, Andy Wand and the referee
on early versions of the paper.
2. Background
2.1. Lagrangian fibrations. A smooth 2n dimensional manifold M is symplectic
if it is equipped with a closed non-degenerate two-form ω (i.e. dω = 0 and ωn is nowhere-
vanishing). A submanifold L of a symplectic manifold (M,ω) is Lagrangian if dimL =
1
2dimM and ω|L = 0.
Definition 2.1. A locally trivial fibration of a symplectic manifold is a regular
Lagrangian fibration if the fibers are Lagrangian. More generally, a projection π :
(M2n, ω) → Bn, is a Lagrangian fibration if it restricts to a regular Lagrangian fibra-
tion over an open dense set B0 ⊂ B, the set of regular values. (We assume throughout
this paper that the fibers of a Lagrangian fibration are connected, compact and without
boundary.)
A basic feature of symplectic manifolds is expressed in Darboux’s theorem which
states that in a neighborhood of any point of a symplectic 2n-manifold one can find
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Darboux coordinates (x, y) such that the symplectic form is standard: ωo = dx ∧ dy.
Given a regular Lagrangian fibration we can instead demand that the coordinates be
adapted to the fibration, as in the following basic example.
Example 2.2. Consider standard coordinates (p, q) on Rn × T n where the q coordi-
nates have period 2π. Then projection on the first factor π : (Rn × T n, ω0) → Rn is a
Lagrangian fibration with respect to the standard symplectic structure ω0 = dp ∧ dq.
Example 2.2 captures the local behavior near any fiber of a regular Lagrangian
fibration. This is a consequence of the Arnold-Liouville theorem [4] about integrable
systems (where the coordinates (p, q) are called action-angle coordinates). Rephrased in
terms of Lagrangian fibrations we have:
Theorem 2.3. (Arnold-Liouville) Let F be a fiber of a regular Lagrangian fibration
π : (M2n, ω) → Bn. Then there is a open neighborhood of F that is fiber-preserving
symplectomorphic to (V × T n, ω0)→ V where V ⊂ Rn.
Notice in particular that Theorem 2.3 implies that the regular fibers of a Lagrangian
fibration are tori. For a proof of Theorem 2.3 the reader can consult [9] or [4]. The key
steps of the proof are the construction of a natural torus action in the neighborhood of
the regular fiber.
The same argument can be carried out globally (see Duistermaat [9]) in which case
one constructs a natural fiberwise action of T ∗B on M , namely α · x = φα(x) where φα
is the time-one flow of the vector field Xα defined by
(2.1) ω(·,Xα) = π∗α.
Following this line of reasoning the isotropy subgroup of this action is a lattice Λ∗ in
T ∗B such that (T ∗B/Λ∗, dλ) and (M,ω) are locally fiberwise symplectomorphic. (Here,
λ is the canonical 1-form on T ∗B, the Liouville form.) This construction yields another
lattice: Λvert belonging to the vertical bundle in TM defined by the fibration, namely
{Xα|α ∈ Λ∗} where Xα is defined by Equation 2.1. The lattice Λ∗ ⊂ T ∗B also defines a
dual lattice Λ ⊂ TB according to u ∈ Λb if v∗u ∈ Z for every v∗ ∈ Λ∗b .
Here we take a different approach to the globalization in which the lattice Λ ⊂ TB
appears directly. Our emphasis on this lattice rather than its dual follows from a na¨ıve
preference for visualizing tangent vectors to the base rather than covectors. To find
the lattice Λ we appeal to the Arnold-Liouville theorem, identify Λ in local standard
coordinate charts and then show that this lattice is well defined globally.
The following example covers the local case and serves in part to set notation.
Example 2.4. Given the fibration π : (Rn × T n, ω0) → Rn defined by projection
onto the first factor, the vectors { ∂
∂pi
} and { ∂
∂qi
} provide bases for the standard lattice
Λ0 on TR
n and the standard vertical lattice Λvert0 in the vertical bundle of T (R
n × T n)
induced by the projection π. Indeed, the dual lattice Λ∗0 on T
∗Rn is spanned by {dpi}
and each lattice covector vdp ∈ TpRn defines (by Equation 2.1) the vertical vector field
v ∂
∂q
⊂ {p}×T (T n) ⊂ T (Rn×T n) since dp∧dq(u ∂
∂p
+u′ ∂
∂q
, v ∂
∂q
) = u ·v = vdp(u ∂
∂p
+u′ ∂
∂q
)
for all u, u′. (Here u, u′ are vectors in Rn and v ∈ Zn.)
To globalize we rely on the following lemma about the local structure of fiber-
preserving symplectomorphisms.
Lemma 2.5. Let ϕ be a fiber-preserving symplectomorphism of π : (Rn×T n, ω0)→ Rn
where π is projection on the first factor. Then ϕ(p, q) = (A−T p+ c,Aq+ f(p)) for some
A ∈ GL(n,Z), c ∈ Rn and smooth map f : Rn → Rn such that A−1 ∂f
∂p
is symmetric.
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Proof. Since ϕ is fiber-preserving we can write ϕ(p, q) = (ϕ1(p), ϕ2(p, q)). Requir-
ing ϕ to be a symplectomorphism amounts to imposing
(2.2) ϕT∗ Jϕ∗ = J where J =
(
0 −I
I 0
)
.
In terms of ϕ1, ϕ2 this is equivalent to
(2.3) ϕ1,p= ϕ2,
−T
q and ϕ
T
1 ,p ϕ2,p is symmetric.
Since ϕ1,p does not depend on q, neither does ϕ2,q. Therefore, ϕ2 = A(p)q+ f(p) where
A(p), for each p, is an element of GL(2,Z) and f(p) gives rise to a translation in each
fiber. Finally, GL(2,Z) being a discrete group implies that ϕ1, p = A
−T (p) is constant.
Thus we can write ϕ(p, q) = (A−T p+ c,Aq + f(p)) for c ∈ R2 where the condition on f
follows from (2.3). 
The above simple lemma captures the rigidity of a Lagrangian fibration and hints at
why, at least in the toric case, one might expect to see a linear object such as a polytope
appear as the base of a Lagrangian fibration. Specifically, it leads to:
Theorem 2.6. If π : (M,ω) → B is a regular Lagrangian fibration then there are
lattices Λ ⊂ TB, Λ∗ ⊂ T ∗B and Λvert in the vertical bundle of TM (induced by π)
that, with respect to standard local coordinates, are the standard lattice, its dual, and the
standard vertical lattice (of the previous example).
Proof. The Arnold-Liouville theorem implies that we can find a cover {Ui} of B
and fiber-preserving symplectomorphisms Φi : π
−1(Ui)→ Vi× T n ⊂ (Rn × T n, ω0). The
Φi cover smooth maps φi : Ui → Vi which, by Lemma 2.5, satisfy (φj ◦φ−1i )∗ ∈ GL(n,Z)
on any Uj ∩Ui. Therefore the pullbacks via the (φi)∗ of the standard lattices in TRn and
T ∗Rn give well-defined lattices Λ ⊂ TB and Λ∗ ⊂ T ∗B. Since the pairing that relates
the lattices Λ∗ and Λvert is defined locally by the symplectic form ω it is automatically
defined globally. Therefore the vertical lattice Λvert is well-defined globally. 
The rigidity of a regular Lagrangian fibration is in stark contrast with a symplectic
fibration where, for instance, the fiber can be any symplectic manifold and there is no
interdependence of diffeomorphisms of the base and fiber components of a local fiber-
preserving symplectomorphism.
2.2. Integral affine structures.
Definition 2.7. An integral affine structure A on an n-manifold B is a lattice Λ in
its tangent bundle, in which case (B,A) is called an integral affine manifold.
Example 2.8. The standard lattice Λ0 generated by the unit vectors tangent to the
coordinate axes in Rn defines the standard integral affine structure A0 on Rn.
Example 2.9. The induced lattice Λ on the tangent bundle of the base B of a regular
Lagrangian fibration provides B with an integral affine structure A.
Proposition 2.10. An n-manifold B admits an integral affine structure if and only
if it can be covered by coordinate charts {Ui, hi}, hi : Ui → Rn such that the map hj ◦h−1i ,
wherever defined, is an element of AGL(n,Z), i.e. a map of the form Φ(x) = Ax + b
where A ∈ GL(n,Z) and b ∈ Rn.
Proof. Given an affine structure A on B, affine coordinate charts hi : (Ui,A) →
(Rn,A0) exist since all affine structures (in a given dimension) are isomorphic. Then
(hj ◦ h−1i )∗ ∈ GL(n,Z) so hj ◦ h−1i ∈ AGL(n,Z). Given such a cover, the integral affine
structure A is defined as the pull-back (via the hi) of the standard affine structure A0
on Rn. 
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Remark 2.11. Note that the tangent bundle of an integral affine manifold has a flat
connection, namely the pull-back via the coordinate charts of the flat connection on TRn
(since it is preserved under the transition maps).
Definition 2.12. A k-dimensional submanifold P ⊂ (B,A) is affine planar if at
each point b ∈ P the subspace TbP is spanned by k vectors in Λ, or equivalently, the
subspace in T ∗b B consisting of covectors that vanish on TbP is spanned by n−k covectors
in Λ∗. Accordingly, a one dimensional submanifold is affine linear if at every point it
has a tangent vector in Λ.
In general there is no metric compatible with an integral affine structure. However,
we can still define the following AGL(n,Z)-invariant quantity:
Definition 2.13. Consider a parameterized curve γ : [0, 1] → (B,A) and define
s(t), v(t) so that s(t) > 0 is a scaler, v(t) ∈ Λγ(t) is a primitive tangent vector and
γ′(t) = s(t)v(t). Then the affine length of γ is
(2.4)
∫ 1
0
s(t)dt.
2.3. Monodromy – topological and affine. An important measure of the non-
triviality of a torus bundle is its monodromy. Interestingly, any topological monodromy
of a regular Lagrangian fibration is reflected in the global geometry of the base. In
this section we review the definition of (topological) monodromy, define the affine mon-
odromy of an integral affine structure and then give the relation between the topological
monodromy of a regular Lagrangian fibration and the affine monodromy of its base.
LetM(T n) denote the mapping class group of the n-torus, namely the set of isotopy
classes of self-diffeomorphisms of the torus. Let ζM be an n-torus bundle given by
π :M → B. Then a monodromy representation of ζM is a homomorphism Ψ : π1(B, b)→
M(T n) such that for any [γ] ∈ π1(B, b) represented by a based loop γ : S1 → B, the
total space of γ∗ζM is diffeomorphic to I × T n/((0, q) ∼ (1,Ψ[γ](q)). We can identify
each isotopy class Ψ[γ] with the induced automorphism on H1(Fb,Z) where Fb is the
fiber over the base point b. Choosing a basis for H1(Fb,Z) we then get an induced map
from π1(B, b) into GL(n,Z). In general, by the monodromy of a regular torus fibration
we mean this induced map for some choice of monodromy representation and some choice
of basis for H1(Fb,Z).
Remark 2.14. Note that the base of a regular Lagrangian fibration need not be
orientable and hence the fiber need not be oriented.
Similar to a torus fibration, an integral affine structure A on a manifold B has an
affine monodromy representation ΨB : π1(B, b)→ Aut(Λb) where Λb is the restriction to
TbB of the lattice Λ that defines A. Specifically, if we identify (TbB,Λb) with (Rn,Zn)
and let γ be a based loop, ΨB[γ] is the automorphism of (R
n,Zn) such that γ∗(TB,Λ)
is isomorphic to I × (Rn,Zn)/((0, p) ∼ (1,ΨB [γ](p)).
Now recall that a regular Lagrangian fibration π : (M,ω) → B induces lattices
Λ ⊂ TB, Λ∗ ⊂ T ∗B and Λvert ⊂ TM (see Section 2.1). This allows us to relate the
topological monodromy of the underlying torus fibration to the affine monodromy of the
induced affine structure on the base.
Proposition 2.15. Suppose that, with respect to local standard coordinates near a
regular fiber, the topological monodromy around a loop in the base of a regular Lagrangian
fibration is given by A ∈ GL(n,Z). Then the affine monodromy is given by its inverse
transpose A−T .
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Exercise 2.16. Prove this. Note that the monodromy of the lattice Λ∗ would be A.
Proposition 2.17. Suppose Φ[γ],ΦB [γ] are the topological and affine monodromies
along γ with respect to standard local coordinates near the regular fiber over the base
point b. Then Φ[γ] has an invariant sublattice spanned by v ∂
∂q
for some v ∈ Zn if and
only if ΦB[γ] has an invariant sublattice spanned by u
∂
∂p
, u ∈ Zn such that v · u = 0.
Exercise 2.18. Prove this.
3. Toric manifolds
3.1. More background. If a group G acts on a symplectic manifold (M,ω) then
each element ξ of the Lie algebra G induces a vector field Xξ, the infinitesimal action. A
smooth function f :M → R also defines a (Hamiltonian) vector fieldXf by ω(·,Xf ) = df .
Definition 3.1. A group action on a symplectic manifold (M,ω) is Hamiltonian if
there is a Lie algebra homomorphism from G to the smooth functions on M (with the
Poisson bracket) taking ξ to fξ so that Xξ = Xfξ .
If a group action is Hamiltonian then there is an associated moment map µ :M → G∗
defined implicitly by < ξ, µ(x) >= fξ(x) for ξ ∈ G and x ∈M . Thus for k-torus actions
the image of the moment map is in Rk.
A fundamental theorem about Hamiltonian torus actions is:
Theorem 3.2 (Atiyah [5], Guillemin and Sternberg [24]). The moment map image
∆ := µ(M) for a Hamiltonian k-torus action on a closed symplectic manifold (M,ω) is
a convex polytope.
When the dimension of the torus acting on (M2n, ω) is maximal, i.e. k = n, then
M is called toric. In the toric case the regular fibers of µ are tori of dimension n and
singular fibers are tori of lower dimension. In this case the moment map has a simple
interpretation as the orbit map. However, the geometry of ∆ reveals much more than
just the orbit structure:
Theorem 3.3 (Delzant [8]). If a closed symplectic manifold (M2n, ω) is equipped
with an effective Hamiltonian n-torus action, then the image of the moment map ∆
determines the manifold M , its symplectic structure ω and the torus action.
Remark 3.4. Both the Atiyah, Guillemin and Sternberg convexity theorem and
Delzant’s theorem remain true if the hypothesis that the manifold be closed is replaced
by the moment map being proper and the fibers of the moment map being connected
(cf. [29]).
Not all polytopes can be the moment map image for a closed manifold; the following
is standard:
Proposition 3.5. Suppose ∆ is the moment map image of a closed symplectic man-
ifold. Then each (n − 1)-dimensional face of ∆ has a primitive integral normal vector
and each (n − k)-dimensional face, k ≥ 2, lies at the intersection of k faces of di-
mension n − 1. Furthermore, smoothness of the manifold implies that the k primitive
integral vectors normal to the k faces intersecting at an (n − k)-dimensional face span
a k-dimensional sublattice of the standard integral lattice Λ0. (If not, M has orbifold
singularities.)
For further information on Hamiltonian torus actions consult [6].
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Now forget the torus action but remember the projection to Rn defined by the mo-
ment map µ. All fibers of the moment map are tori, but their dimensions vary: the
preimage of a point on the interior of ∆ is an n-torus while the preimage of a point
in the interior of a k-dimensional face of ∆ is a k-torus. A standard fact from toric
geometry is that the symplectic form vanishes on fibers of the moment map. Therefore
regular fibers are Lagrangian submanifolds and we can think of the moment map µ as
providing a Lagrangian fibration.
If (M,ω) is toric and either is non-compact or has non-empty boundary then preim-
ages under the moment map may be disconnected, a union of tori of possibly varying
dimensions (as in Example 3.27). In this case ∆ is no longer the orbit space; rather
we have µ = Φ ◦ π where π : (M,ω) → B is the induced Lagrangian fibration and
Φ : B → Rn is an immersion. The immersion Φ respects the geometry of the base in
the following sense: the induced affine structure on the regular values of π extends in a
natural way an affine structure A on B and we have Φ : (B,A) → (R2,A0). (This will
become clear in the next section.) Furthermore, the base B has a natural stratification
S: the l-stratum of (B,S) is the set of points in b ∈ B such that π−1(b) is a torus of
dimension l. (That this defines a stratification follows from the normal forms for the
fibered neighborhoods of l-dimensional fibers.) Notice that when M is a closed manifold
the l-stratum of ∆ is the union of the interiors of the l-dimensional faces, l > 0, and the
0-stratum is the union of the vertices.
Definition 3.6. A Lagrangian fibration π : (M2n, ω)→ (B,A,S) is a toric fibration
if there is a Hamiltonian n-torus action and an immersion Φ : (B,A) → (Rn,A0) such
that Φ ◦ π is the corresponding moment map and S is the induced stratification. In this
case we call (B,A,S) a toric base.
Our goal to generalize part of Delzant’s theorem can then be summarized by:
Question 3.7. What assumptions about a triple (B,A,S) ensure that it determines
a unique symplectic manifold?
An answer is provided, for two-dimensional bases, by Theorem 5.2 and Corollary 5.4.
As a warm-up, in the next section we give criteria for recognizing whether or not (B,A,S)
is the base of a toric fibration (Theorem 3.19).
3.2. Construction via boundary reduction. In this section we explain how to
construct a toric fibration from a toric base (B,A,S). The idea is to start with a
regular Lagrangian fibration over the base (B,A) and then collapse certain fibers to
lower dimensional tori so as to obtain the stratification S.
The collapsing of fibers is achieved by boundary reduction, an operation originally
defined in [35]:
Proposition 3.8. Let (M,ω) be a symplectic manifold with boundary such that a
smooth component Y of ∂M is a circle bundle over a manifold Σ. Suppose also that the
tangent vectors to the circle fibers lie in the kernel of ω|Y . Then there is a projection
ρ : (M,ω) → (M ′, ω′) and an embedding φ : Σ → M ′ such that ρ(Y ) = φ(Σ), ρ|M−Y is
a symplectomorphism onto M ′ − φ(Σ) and φ(Σ) is a symplectic submanifold.
Proof. The circle bundle structure of Y gives the existence of the manifold M ′
and the embedding φ. Using a local model for the symplectic neighborhood of Y ⊂ M
it is not hard to see the induced symplectic structure on a neighborhood of ρ(Y ) ⊂
M ′. Essentially, it arises from a fiberwise application of Example 3.10. That ρ(Y ) is a
symplectic submanifold can be seen in the local models or else by noting that, for points
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x ∈ Y , ρ∗(TxY ) is the quotient of TxY by the kernel of ω|TxY , thereby showing that ω′
is non-degenerate on ρ(Y ). 
Definition 3.9. With the notation of Proposition 3.8, (M ′, ω′) = ρ(M,ω) is the
(symplectic) boundary reduction of (M,ω) along Y .
Boundary reduction can be viewed as “half”of a symplectic cut (introduced by Ler-
man [27]). Its essence is captured in the following two-dimensional example:
Example 3.10. Consider a cylinder with linear coordinate 0 ≤ p ≤ 1, cyclic coor-
dinate q of period 2π and symplectic form dp ∧ dq. Let D be a disk of radius √2 in
(R2, dx ∧ dy). Then the change of coordinates
(3.1) x =
√
2p cos(q), y =
√
2p sin(q)
defines a symplectomorphism from the cylinder minus the boundary component defined
by p = 0 to the punctured disk. Boundary reduction of the cylinder along the p = 0
boundary component yields the disk (D, dx ∧ dy).
Notice that a hypersurface in (Rn × T n, ω0) that projects to a hypersurface in Rn
is fibered by circles in the kernel of the symplectic form only if the hypersurface in Rn
is affine planar. In higher dimensions one can perform boundary reduction along differ-
ent smooth components of a boundary simultaneously. The following example reveals
the local convexity of (toric) moment map images as well as the properties listed in
Proposition 3.5.
Example 3.11. For 0 ≤ k ≤ n, let Uk = {(p1, . . . , pn)|pj ≥ 0, j ≤ k} ⊂ (Rn,A0)
and let Pj be the hyperplane through the origin defined by dpj = 0. Let (M,ω) =
(Uk×T n, dp∧dq) so we have a Lagrangian fibration π : (M,ω)→ (Uk,A0,S) in which the
stratification is trivial – all fibers are top dimensional. Then the boundary reduction of
(M,ω) along π−1(∪kj=1Pj∩Uk) is (M ′, ω′) whereM ′ = R2k×(R×S1)n−k with symplectic
form ω′ =
∑k
i=1 dxi∧dyi+
∑n
i=k+1 dpi∧dqi. The torus action on (M,ω) given by t·(p, q) =
(p, q+ t) descends to the action t · (x, y, p, q) = (x cos(t)− y sin(t), x sin(t)+ y cos(t), p, q)
on (M ′, ω′). This yields the toric fibration π′ : (M ′, ω′) → (Uk,A0,S ′) where S ′ is the
stratification such that p belongs to the k-stratum if it is in the intersection of precisely
n− k of the Pj , 1 ≤ j ≤ k.
Observation 3.12. A neighborhood of π−1(0) in Example 3.11 provides a normal
form for a neighborhood of a k-dimensional fiber of a toric fibration. (Compare [6]).
In working with manifolds that arise via boundary reduction it is helpful to have the
following two definitions:
Definition 3.13. The reduced boundary of a toric base (B,A,S), denoted by ∂RB,
is the set of points in B that belong to lower-dimensional strata, i.e. k-strata for k < n.
(Notice that a point can belong to a lower-dimensional stratum only if it belongs to ∂B.)
Definition 3.14. Given a toric fibration π : (M,ω) → (B,A,S), the boundary
recovery is the unique regular Lagrangian fibered manifold (B × T n, ω0) that yields
(M,ω) via boundary reduction.
Remark 3.15. A local model for the neighborhood of a point in the boundary of a
toric manifold can be extracted from Example 3.11. Simply let W be a top dimensional
submanifold with boundary in Rn such that the origin belongs to ∂W and ∂W is trans-
verse to the {Pj}j=1,...k; then take B = W ∩ Uk and perform the boundary reduction
along π−1(∪kj=1Pj ∩B). Notice that the image of the boundary of the resulting manifold
is the closure of ∂B − ∂RB and B0 = B − ∂RB.
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The geometric structure of B and the stratification S together determine what circles
get collapsed during boundary reduction of (B × T n, ω0).
Definition 3.16. Let π : (M,ω) → (B,A,S) be a toric fibration and γ a compact
embedded curve with one endpoint b1 in the (n − 1)-dimensional stratum of ∂RB and
such that γ − {b1} ⊂ B0. Let b0 be the other endpoint of γ. The collapsing class,
with respect to γ, for the smooth component of ∂RB containing b1 is the primitive class
a ∈ H1(Fb0 ,Z) that spans the kernel of ι∗ : H1(Fb0 ,Z) → H1(π−1(γ),Z) where ι is the
inclusion map. Accordingly, the collapsing covector with respect to γ is the primitive
covector v∗ ∈ T ∗b0B that determines vectors v(x) ∈ T vertx M for each x ∈ π−1b0 such that
the integral curves of this vector field represent a. (Notice that a and v∗ are well defined
up to sign.)
Remark 3.17. The collapsing class and covector are independent of γ in a toric
fibration, but will not be when this definition is extended to almost toric fibrations.
Remark 3.18. We can also define the collapsing covector in T ∗b1B as the parallel
transport of v∗ along γ.
Now we can give a characterization of toric bases that yields a simple topological
construction of all toric manifolds.
Theorem 3.19. A triple (B,A,S) is a toric base if and only if there is an immersion
Φ : (B,A)→ (B,A0) and the stratification S is such that
• each smooth component of ∂RB is affine planar,
• (B,A) is locally convex in a neighborhood of any point of ∂RB,
• each component K of the k-stratum of ∂RB, k ≥ 2, is the intersection of the
closures of k smooth components of the (n− 1)-stratum,
• the k primitive integral covectors defining those planes span a k-dimensional
sublattice of Λ|K and
• any point in the boundary of a k-stratum of ∂RB has a neighborhood isomorphic
to a model neighborhood as described in Remark 3.15.
Furthermore, the boundary reduction of (B × T n, ω0) according to S is the unique toric
manifold whose base is (B,A,S)
Remark 3.20. Bear in mind that in general B is not the image of the moment map.
Proof. Given any toric manifold (M,ω), the moment map µ factors through the
orbit space yielding the map Φ : B → Rn and an induced affine structure A = Φ∗A0.
We have already noted that Example 3.11 and Remark 3.15 provide normal forms for
the fibration; therefore they provide normal forms for the base. The listed conditions
are all properties implied by these normal forms.
Conversely, the immersion Φ defines a toric fibration of (B × T n, ω0) given by pro-
jection to the first factor. The first hypothesis about the base (B,A,S) guarantees that
we can perform boundary reduction according to the stratification S and the remaining
hypotheses guarantee that the resulting manifold is smooth. The uniqueness of the toric
manifold fibering over (B,A,S) follows from the Boucetta and Molino’s classification of
locally toric fibrations [7]. 
Since we will be concerned for the most part with bases that are two-dimensional,
to simplify exposition we use the following natural language: an edge is the closure of a
component of the 1-stratum and a vertex is a component of the 0-stratum.
While a toric base (B,A,S) gives a well-defined toric fibration, to specify a torus
action one needs to choose an affine immersion Φ, at least up to translation. The moment
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map then is ∆ = Φ(B). Meanwhile, an immersion Φ is useful for visualizing (B,A) as a
subset of (Rn,A0).
We will use a bit more information than just the image of Φ: A base diagram for
a Lagrangian fibered four-manifold π : (M,ω) → (B,A,S) is a subset ∆ = Φ(B,A) ⊂
(R2,A0) , for some choice of Φ, together with coding that enables reconstruction of the
base (B,A,S) from ∆. For instance, for a toric base we use heavy and light lines to
represent reduced and non-reduced parts of the boundary respectively. Then, unless the
base multiply covers of enough of the image in (R2,A0) so as to obscure the structure
of the preimage, we can construct the fibered manifold by boundary reduction. (If the
immersion does obscure the structure of the base one would merely have to add extra
information to the base diagram.) To do this, we need to know the collapsing classes.
They can be determined from the base diagram as follows, assuming for simplicity of
notation that (B,A,S) ⊂ (R2,A0) so A = A0:
Observation 3.21. If v is a primitive integral vector that is normal to a smooth
component of the reduced boundary of (B,A0,S) ⊂ (R2,A0) then v∗ =< v, · > is a
collapsing covector for that component. (Here we are using the standard inner product
on R2 to provide an isomorphism between its tangent and cotangent bundles.)
Of course, we can build up new toric bases from existing ones by identifying open
subsets in each that are isomorphic. Furthermore, it is easy to determine when bases
can be joined along smooth components of their boundaries in such a way that the
affine structures agree. We are most interested in when we can “see” the isomorphism,
therefore with base diagrams in mind we note:
Proposition 3.22. Consider two toric bases (Bi,A0,Si) ⊂ (Rn,A0). Suppose there
is an element (A, u) ⊂ AGL(n,Z) such that on the intersection B1 ∩ (AB2 + u) the n-
stratum is non-empty, the stratifications S1,S2 agree on the intersection thereby defining
S3 on B1∪(AB2+u), and each connected component of the strata of S3 is smooth. Then
(B1 ∪ (AB2 + u),A0,S3) is a toric base.
Proof. The hypotheses of Theorem 3.19 remain satisfied because the union of two
affine planar submanifolds of the same dimension (that have non-empty intersection) can
be smooth only if the union itself is affine planar. The condition that the n-stratum be
non-empty then ensures that the convexity condition is preserved. 
3.3. Examples. In this section, we present examples of toric fibered four-manifolds
(M,ω) → (B,A,S) via base diagrams corresponding to immersions Φ : (B,A) →
(R2,A0). Accordingly, the preimage (under Φ ◦ π) in M of a point in the interior of
a light edge is a 2-torus while the preimage of a point in the interior of a heavy edge is
a circle. Similarly, a vertex can have a preimage in M that is a torus, circle or point
depending upon whether it is the intersection of two light lines, one light and one heavy,
or two heavy lines.
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Figure 2. Neighborhood of a sphere: U2,1
Example 3.23. A toric fibration of a four-ball B4 of radius
√
2 in (R4, dx ∧ dy) is
given by π(x, y) = (12 (x
2
1 + y
2
1),
1
2(x
2
2 + y
2
2)) whose image is the triangle with vertices
(0, 0), (1, 0) and (0, 1). See Figure 1(a). Notice that if B4 is identified with a ball in
C2 by zj = xj + iyj , the preimage of the horizontal and vertical edges are the disks in
complex coordinate axes z2 = 0 and z1 = 0 respectively.
Example 3.24. The triangle with vertices (0, 0), (1, 0) and (0, 1) shown in Figure 1(b)
represents a Lagrangian fibered symplectic manifold diffeomorphic to CP 2. This reflects
the fact that CP 2 is a boundary reduction of (B4, ω0) in which the circles of the Hopf
fibration are collapsed to points.
Figure 1(b) also illustrates the standard construction of CP 2 from three affine coor-
dinate charts:
Exercise 3.25. Use Example 3.23 and Proposition 3.22 to find the fiber-preserving
symplectomorphisms that yield the Lagrangian fibered CP 2 defined by Figure 1(b) as
the union of three open Lagrangian fibered four-balls.
Example 3.26. For each n ∈ Z consider the domain
(3.2) Un,1 := {(p1, p2)|p1 ≥ 0, 0 ≤ p2 < t, np2 ≥ p1 − s}.
for some s, t > 0. Figure 2 shows U2,1. Then Un,1 defines a toric fibration of a neighbor-
hood of a sphere – the sphere that is the preimage of the heavy horizontal line segment.
The sphere has coordinates (p1, q1) on the complement of two points (the preimages of
the vertices), so with respect to the symplectic form dp ∧ dq it clearly has (symplectic)
area 2πa. Furthermore, the sphere has self-intersection −n. There are several ways to see
this. For instance, one can check that the fiber-preserving symplectomorphism needed
to present it as the union of two Lagrangian fibered four-balls implies it is diffeomorphic
to a disk bundle over the sphere with Chern class −n. In Section 7.3 we explain an
alternative way to see this that generalizes beyond spheres that are invariant under a
torus action.
Example 3.27. Figure 3 is a base diagram for a toric fibration of an exotic symplectic
R4, i.e. (R4, ω) where ω is exotic in the sense that there is no symplectic embedding of
(R4, ω) into (R4, ω0) where ω0 is the standard symplectic structure. This example, due
to Zung [39], generalizes in an obvious way to higher dimensions yielding an exotic R2n
for any n ≥ 2.
To see that ω is exotic observe that the immersion of the base into (R2,A0) gives local
coordinates (p, q) on the complement of the reduced boundary with respect to which the
symplectic structure is dq ∧ dq with primitive α = pdq. Placing the vertex of the base
diagram at the origin, the regular torus that projects to the origin is an exact Lagrangian
torus (i.e. α restricted to this torus is cohomologous to 0, in this case actually equal to
0). Gromov [21] proved that there are no exact Lagrangian tori in (R2n, ω0), thereby
establishing that this R4 is symplectically exotic.
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4. Singularities
4.1. Integrable systems and non-degenerate singularities. When we pass
from regular Lagrangian fibrations to those with singularities we need to restrict the
class of allowable singularities in order to keep control of a relation between the ge-
ometry of the base and the topology of the total space. A natural place to turn for a
classification of singularities of a Lagrangian fibration is the theory of integrable systems.
Definition 4.1. An integrable system on a symplectic manifold (M2n, ω) is a col-
lection of n functionally independent Poisson commuting functions Fi :M → Rn.
An equivalent definition is a Lagrangian fibration whose base can be immersed in Rn
(ignoring affine structures).
Abusing slightly the integrable systems definition of non-degenerate singularities, we
have
Definition 4.2. A critical point of a Lagrangian fibration π : (M2n, ω) → Bn is
called a non-degenerate singular point of rank k if it has a Darboux neighborhood (with
symplectic form dx ∧ dy) in which the projection is π = (π1, . . . πk, πk+1, . . . πn) where
πj(x, y) = xj for j ≤ k and the other components have some combination of the following
forms:
(4.1) πj(x, y) = (x
2
j + y
2
j ) elliptic
(4.2) πj(x, y) = (x
2
j − y2j ) hyperbolic
(4.3) (πi, πj)(x, y) = (xiyi + xjyj, xiyj − xjyi) nodal, or focus-focus.
In other words, a non-degenerate singularity splits as a product of elliptic, hyperbolic
and nodal singularities. Notice that the elliptic singularities are precisely the singularities
that occur in a toric fibration.
The nodal singularity is a complex hyperbolic singularity: in terms of complex coor-
dinates
(4.4) x = x1 + ix2, y = y1 + iy2, ω = Re dx ∧ dy
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the projection from a four-manifold to C is
(4.5) π(x, y) = xy.
This is the same singularity that appears in Lefschetz fibrations of symplectic manifolds
(cf. [19]).
Remark 4.3. The precise definition of a non-degenerate singular point is as follows.
Given an integrable system F = (F1, . . . , Fn) : (M
2n, ω) → Rn, a point x ∈ M such
that DF (x) = 0 is called a non-degenerate fixed point if there are symplectic coordinates
near x with respect to which the quadratic parts of the functions Fi form a Cartan
subalgebra of the Lie algebra of quadratic functions on R2n = TxM with respect to the
Poisson bracket. To generalize to singular points x of rank k (where the image of DF
has dimension k) replace TxM with the symplectic vector space Ker(DF (x))/I where I
is the subspace of TxM spanned by the Hamiltonian vector fields Xi of the functions Fi
(so ιXiω = −dFi). Eliasson [10] proved that such singularities have neighborhoods that
are fiberwise diffeomorphic to the singularities of linearized integrable systems – which
in turn were classified by Williamson [38]. Since we are interested in questions of global
symplectic topology rather than the intricacies of a given integrable system, our abuse is
to assume the singularity has a neighborhood fiberwise symplectomorphic to a linearized
integrable system.
The structure imposed on a fibration by the presence of a hyperbolic singularity
is fundamentally different from the structure imposed by elliptic or nodal singularities.
The key features of the fibration near an elliptic or nodal singularity are that the base
of the fibration is a manifold and the structure of the singular fiber is very simple. For
instance, an elliptic singular point in a two-manifold has a neighborhood that is, on the
complement of the singular point, fibered by circles that project to a half-open interval
in the base. In dimension four a nodal singular point has a neighborhood that is fibered
by cylinders and two transversely intersecting disks; since this singular point is isolated
the cylinders belong to tori, thereby forcing the singular fiber to be a pinched torus (if
it has no other singular points). If there are k ≥ 2 nodal singular points on a fiber then
the fiber is a union of k spheres, each of which intersects two others transversely (and
positively) at one point. In either case, the base of the fibration of the neighborhood is
an open disk.
In contrast, the presence of hyperbolic singularities in a fibration causes the base
to become non-smoothable and allows the topology of the singular fibers to become
complicated. For instance, in dimension two the base for a fibered neighborhood of a
hyperbolic singularity is an “X” and recovering the symplectic manifold from the base
becomes impossible without extra data: several hyperbolic singular points and the arcs
connecting them are typically mapped to one singular point in the base so the topological
type of the singular fiber would in general have to be stipulated.
Note that in dimension two the only manifolds that admit a Lagrangian fibration
with no hyperbolic singularities are the sphere and the torus. However, all other (ori-
entable) surfaces can be fibered once one allows hyperbolic singularities. This prompts
the following:
Question 4.4. What symplectic four-manifolds admit Lagrangian fibrations with
topologically stable non-degenerate singularities?
In this paper our focus is on using base diagrams to determine symplectic manifolds.
Therefore we henceforth exclude hyperbolic singularities and define
Definition 4.5. A non-degenerate Lagrangian fibration π : (M,ω) → B of a sym-
plectic four-manifold is an almost toric fibration if it is a non-degenerate topologically
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stable fibration with no hyperbolic singularities. A triple (B,A,S) is an almost toric
base if it is the base of such a fibration. A symplectic four-manifold equipped with such
a fibration is an almost toric manifold.
In the above definitionA is the affine structure on B−{si} where the si are the images
of the nodal singularities, and S is defined so that the si belong to the top-dimensional
stratum.
The definition clearly generalizes to other dimensions, however we restrict our dis-
cussion to dimension four. Notice that an almost toric manifold can fail to be toric in
one of two ways: 1) it has nodal fibers or 2) there is no affine immersion of the base into
(R2,A0).
4.2. Neighborhood of a nodal fiber.
Definition 4.6. A nodal fiber in a Lagrangian fibered four-manifold is a singular
fiber with nodal singularities and a node is the image of such a fiber under the fibration
map.
Generically, nodal singularities of a Lagrangian fibration of a four-manifold occur in
distinct fibers. Furthermore, one can always vary a fibration locally so that each fiber has
only one singularity. (See Exercise 6.7.) Therefore, we in general assume a nodal fiber
has just one nodal singularity and specify that the nodal fiber and the corresponding
node in the base are multiplicity k whenever there are k ≥ 2 singular points on the fiber.
Topologically, a nodal fiber is the singular fiber of a Lefschetz fibration (in which it
appears in a family of symplectic fibers). Specifically, a neighborhood of a nodal fiber
is diffeomorphic to T 2 ×D2 with a −1-framed 2-handle attached along a simple closed
curve in T 2 × {x} for some {x} ∈ ∂D2. This is explained in [19], for instance. It also
follows from the techniques of this paper: the core of the 2-handle is the vanishing disk
(the disk whose boundary represents the vanishing class, defined in Section 4.3) and the
−1-framing is calculated in Lemma 7.11.
An example of a nodal fiber is the image of the zero section of a disk bundle in T ∗S2
under a self-plumbing of the disk bundle. To construct this, first rewrite the normal
form for the nodal singularity in terms of complex coordinates x = x1+ ix2, y = y1+ iy2
with ω0 = Re d x ∧ dy. Thinking of the cotangent bundle as a complex line bundle with
Chern class c1 = −2, we build a disk bundle using two coordinate charts
U := {(x, y)| |xy| < ǫ < 1, |x| < 2, |y| < 14} and(4.6)
V := {(u, v)| |uv| < ǫ < 1, |u| < 2, |v| < 14}(4.7)
with u = u1 + iu2 and v = v1 + iv2. These are glued together via the map
(4.8) (u, v) = ϕ(x, y) =
(
1
x
, x2y
)
defined on U ∩ {12 < |x| < 2}. This map is clearly a symplectomorphism if we equip the
second coordinate chart with the symplectic form Re(−du ∧ dv).
Now construct a self-plumbing of the disk bundle by identifying neighborhoods of
the origin in each coordinate chart, say {(x, y)| |x|, |y| < 14} and {(u, v)| |u|, |v| < 14}, via
the map
(4.9) (u, v) = ψ(x, y) = (y, x)
which again preserves the symplectic form.
The Lagrangian fibration given by π(x, y) = xy, π(u, v) = uv then has one singular
point at (x, y) = (u, v) = (0, 0).
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Exercise 4.7. Check that the singular fiber is a sphere with one positive self-
intersection. (When checking the positivity of the intersection, note that the manifold
is oriented by ω2 = dx1 ∧ dy1 ∧ dx2 ∧ dy2 = dx1 ∧ dx2 ∧ dy1 ∧ (−dy2).)
Proposition 4.8. The germ of a neighborhood of an isolated nodal fiber in a La-
grangian fibered symplectic manifold is unique up to symplectomorphism. Furthermore,
given any two symplectomorphic fibered neighborhoods of a nodal fiber the symplectomor-
phism between them can be chosen to be fiber-preserving on the complement of smaller
fibered neighborhoods. (See [36].)
It is not hard to generalize the above proposition to include multiplicity k nodal
fibers (in which case k is of course a topological invariant of the neighborhood).
Remark 4.9. Note that the germ of a fibered neighborhood of a nodal fiber is not
unique up to fiber-preserving symplectomorphism; San [33] has identified a non-trivial
invariant that classifies the germs of such neighborhoods up to fiberwise symplectomor-
phism.
4.3. Monodromy around a nodal fiber. We can detect the monodromy around
a nodal fiber from the local model in Section 4.2. Indeed, continuing with the complex
variables notation, restrict to the torus bundle over a circle of radius δ < ǫ in C = R2
and let θ = arg(z) parameterize the circle in the base, so θ = arg(xy) = arg(uv). Then
the intersection of the torus bundle over the circle with the two coordinate charts U, V
gives two cylinder bundles that can be trivialized by coordinates (r, α) and (ρ, β) where
x = reiα and u = ρeiβ . The restrictions of the maps ϕ and ψ show that these bundles are
glued together by ρeiβ = 1
r
e−iα when 12 < r < 2 and ρe
iβ = δ
r
e−i(α+θ) when 4δ < r < 14 .
Figure 4 shows the two cylinders that make up a fiber torus Fb over b = z = δe
iθ. On
this torus two curves are indicated: γ1 given by r = ρ = 1 and γ2 given by α = 0 in U .
As θ varies the curves γ1, γ2 give a trivialization of the torus bundle over the interval
0 ≤ θ < 2π. Meanwhile, γ2 shows the positive Dehn twist in the torus fiber as θ varies
from 0 to 2π and reveals that the topological monodromy around a nodal fiber is
(4.10) Ψ(γ) = A(1,0) =
(
1 1
0 1
)
with respect to a basis {[γ1], [γ2]} for H1(Fb,Z).
Changing the basis for H1(Fb,Z) causes the image of Ψ to be a conjugate of A(1,0).
Such matrices are of the form
(4.11) A(a,b) =
(
1− ab a2
−b2 1 + ab
)
with eigenvector (a, b).
Consider an almost toric fibration π : (M,ω)→ B that has a node at s. Let η be an
embedded curve with endpoints at s and a regular point b ∈ B0 such that η − {s} ⊂ B0
contains no other nodes. Associated to s and η is the (well defined up to sign) vanishing
class in H1(Fb,Z), namely the class whose representatives bound a disk in π
−1(η). (With
respect to the language for Lefschetz fibrations, the vanishing class is the homology class
of the vanishing cycle.) The vanishing covector w∗ ∈ T ∗b B is the primitive covector
(defined up to sign) that determines vectors w(x) ∈ T vertx M for each x ∈ π−1b such that
the integral curves of this vector field represent vanishing class.
Lemma 4.10. Suppose γ is a positively oriented loop based at b that is the boundary
of a closed neighborhood of s containing η. Then the vanishing class is the unique class
(up to scale) that is preserved by the monodromy along γ. With respect to a basis for
H1(Fb,Z) for which the monodromy matrix is A(a,b), the vanishing class is the class (a, b).
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Figure 4. Positive Dehn twist as θ goes from 0 to 2π
Proof. Without loss of generality we work with the model neighborhood of Sec-
tion 4.2 and with basis {[γ1], [γ2]} for H1(Fb,Z), as above, so the topological monodromy
matrix is A(1,0). Now note that γ1 bounds a disk: the disk {(x, y)| arg(xy) = 0, |y| =
|x| ≤ √δ}. Thus the vanishing class is (1, 0), the eigenvector of the topological mon-
odromy. 
Because a nodal fiber of multiplicity k (a fiber with k nodal singular points) arises
from coalescing k nodal fibers of multiplicity 1, the monodromy around a nodal fiber of
multiplicity k is, up to conjugation,
(4.12) Ψ(γ) = Ak(1,0) =
(
1 k
0 1
)
.
4.4. Affine structure near a node. Suppose π : (M,ω) → B is a Lagrangian
fibered neighborhood of a nodal fiber in a four-manifold with s ∈ B the node. The
restriction of the fibration to B − {s} is a regular fibration and hence B − {s} has an
induced affine structure A. Because of the non-trivial affine monodromy around the
node (which we call the nodal monodromy) there is no immersion of (B − {s},A) into
(R2,A0). However, we can find an affine immersion if we remove a curve from B that
has an endpoint at the node, leaving us with a simply connected surface. Therefore,
as a base diagram for the neighborhood of a node, we will use the image of an affine
immersion of the complement of such a curve.
For convenience we choose, whenever possible, the curve we remove to be a ray R
based at the node s. Then, up to translation, any immersion Φ : (B −R,A)→ (R2,A0)
has an image Φ(B − R) that is a neighborhood of the origin minus a sector. Different
choices of the ray R cause the internal angle of the sector to vary in the interval [0, π).
Figures 5(a) and (b) show base diagrams in which the shaded part of the complement
of the heavy dotted lines is the image Φ(B −R) for two different choices of R.
As we will see below, the sector has angle zero when R belongs to the one well-defined
affine linear submanifold through the node s:
Definition 4.11. The eigenline L through a node s is the unique maximal affine
linear immersed one-manifold through the node for which there is a regular point b ∈
L, arbitrarily close to s, such that the affine monodromy along an arbitrarily small
loop around s and based at b preserves TbL ⊂ TbB. An eigenray is either of the two
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Figure 5. Neighborhood of a node
maximal affine linear submanifolds that has an endpoint at the node and is a subset of
the eigenline.
In Figure 4(a) the indicated ray is an eigenray.
We now construct a family of integral affine punctured planes, (Vu,Au) where Vu is
diffeomorphic to R2 − {0}. Let (W˜ ,A0) be the universal cover of (R2 − {0},A0) with
affine projection Ψ. For each vector u representing a point in R2 let V˜u be a sector in W˜
with interior angle > π and ≤ 2π and that is bounded by rays R,R′ consisting of points
x, x′ such that Ψ(x) = λu and Ψ(x′) = λA(1,0)u. (We are ignoring the ambiguity of how
V˜u is affinely embedded in W˜ since this is irrelevant for our construction.) Then define
(Vu,Au) where Vu := V˜u/x ∼ x′ for x, x′ as above and Au is defined by the induced
lattice Λu on TVu:
(4.13) (TVu,Λu) = (V˜u × R2,Λ0)/(x, v) ∼ (x′, A(1,0)v).
Of course, (V˜u,Au) and (V˜λu,Aλu) are isomorphic for any λ > 0. More importantly,
Lemma 4.12. For all u ∈ R2, (Vu,Au) is isomorphic to (Ve1 ,Ae1).
Therefore we simplify notation and call this affine manifold (V,A).
Exercise 4.13. Prove Lemma 4.12
If a node has multiplicity k then local models can be constructed exactly as above
with A(1,0) replaced by A
k
(1,0). We call such affine punctured planes (V
k,Ak). Note that
if R is an eigenray, then the image Φ(B −R) is independent of k.
Proposition 4.14. Any node s ⊂ B of multiplicity k ≥ 1 has a neighborhood that is
affine isomorphic to a neighborhood of the puncture in (V k,Ak).
Proof. Let U be a neighborhood of s and let R ⊂ U be a ray based at s. Then
(U − R,A) is homomorphic to a disk and hence there is an affine immersion Φ : (U −
R,A) → (R2,A0) such that the origin is the limit of the images of points in B whose
limit is s. Corollary 9.16 implies that this is an embedding and hence is isomorphic to
a neighborhood of r = 0 in the interior of (V˜u,A0) for some u. The result then follows
from Lemma 4.12 and the remarks about nodes of multiplicity greater than one. 
Furthermore, for each choice of ray R ⊂ B based at s there is an immersion Φ :
(B − R,A)→ (R2,Λ0) and a u such that Φ(B −R) is the intersection of Ψ(IntV˜u) and
a neighborhood of the origin in R2. In particular, when R is an eigenray, Φ(B − R) is
the intersection of Ψ(IntV˜±e1) and a neighborhood of the origin in R
2, as in Figure 5(a).
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5. Almost toric manifolds
5.1. Classification in terms of base. The base of an almost toric fibration has a
geometric structure very similar to a toric base. Indeed, the only difference between an
almost toric and a toric base (on a local level) is the presence of nodes which in turn have
neighborhoods whose affine structure (on the complement of the node) depends only on
the multiplicity of the node.
Definition 5.1. An integral affine manifold with nodes (B,A) is a two-manifold B
equipped with an integral affine structure on B −{si} such that each si has a neighbor-
hood Ui such that (Ui− si,A) is affine isomorphic to a neighborhood of the puncture in
(V k,Ak) for some k ≥ 1.
As for toric manifolds, we are interested in using the base of an almost-toric fibration
to understand topological and symplectic features of the total space. The stratification
S of a toric base is an important invariant of the fibration and to extend this notion to
the almost toric case we declare that nodes belong to the top-dimensional stratum. Then
triples (B,A,S) that can appear as bases of almost toric fibrations can be characterized
as follows:
Theorem 5.2. Consider a triple (B,A,S) such that (B,A) is an integral affine
manifold with nodes {si}Ni=1. Then (B,A,S) is an almost toric base if and only if every
point in B − {si}Ni=1 has a neighborhood that is a toric base.
Proof. An almost toric fibration is by definition locally toric on the complement of
its nodal fibers. This implies that the base must, on the complement of the nodes, have
the local structure of a toric base.
Conversely, if the base is locally toric on the complement of the nodes, we can
construct an almost toric fibration in a similar fashion to a toric fibration: Take the
Lagrangian fibration of ((B−{si}Ni=1)×T 2, ω0) given by projection onto the first factor.
The local toric structure guarantees that boundary reduction to achieve the stratification
S yields a toric fibered smooth manifold, say π′ : (M ′, ω′)→ (B−{si}Ni=1,A,S). (Recall
that π′ does not define a toric fibration unless there is an immersion (B−{si}Ni=1,A)→
(R2,A0)). Furthermore, the definition of an affine manifold with nodes implies that
each node has a neighborhood that is the base of a model neighborhood of a nodal
singular fiber. Theorem 3.19 guarantees that the fibration over the regular points of
this neighborhood is unique. Therefore there is a fiber-preserving symplectomorphism
of the complement of the singular fiber in its model neighborhood and the restriction of
our toric fibration π′ : (M ′, ω′) → (B − {si}Ni=1,A,S) to the preimage of a punctured
neighborhood of the node. Using such fiber-preserving symplectomorphisms we can glue
in nodal fibers and achieve an almost toric fibration with base (B,A,S). 
Our definition of almost toric manifolds (Definition 4.5) is motivated by a classi-
fication of non-degenerate Lagrangian fibrations due to Zung [39]. To classify these
fibrations up to fiber-preserving symplectomorphism (or symplectic equivalence) he in-
troduced the following notion: two non-degenerate Lagrangian fibrations over the same
base (B,A,S) are roughly symplectically equivalent if their singular fibers have fiberwise
symplectomorphic neighborhoods. Here, A,S are the affine structure and stratification
that Zung showed exist on the base of a non-degenerate Lagrangian fibration.
Zung also defined an invariant of a non-degenerate Lagrangian fibration, the La-
grangian Chern class. It is an element of the first homology of the base with values in
the sheaf of closed basic 1-forms (1-forms that vanish on vectors tangent to fibers) modulo
those forms that arise from contracting the vector field for a symplectic fiber-preserving
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circle action with the symplectic form. (To be precise, this Chern class is actually a
relative class in the sense that it is defined relative to a given reference fibration.)
Theorem 5.3 (Zung [39]). Two non-degenerate Lagrangian fibrations over the same
base (B,A,S) are symplectically equivalent if and only if they are roughly symplectically
equivalent and have the same Lagrangian Chern class.
In dimension four with the absence of hyperbolic singular points, we are led to the
following corollary:
Corollary 5.4. Let (B,A,S) be an almost toric base which is either non-compact
or has non-empty boundary. Then (B,A,S) is the base of an almost toric fibration of a
unique symplectic manifold.
Proof. The hypothesis that the two-dimensional base be either non-compact or have
non-empty boundary implies that it has the homotopy type of a one-dimensional space.
Therefore the Lagrangian Chern class vanishes and hence all roughly symplectically
equivalent fibrations with base (B,A,S) are fiberwise symplectomorphic.
Now suppose we have two almost toric fibrations over (B,A,S). Because of the
hypothesis on the topology of B, we know that there is a unique fibration over (B −
{si}Ni=1,A,S). Completing this to a fibration over (B,A,S) as in the proof of Theo-
rem 5.2 we are not guaranteed of getting a unique Lagrangian fibration (see San [33]).
However the proof of Proposition 4.8 given in [36] shows that the structure of the fibra-
tion can be perturbed via a compactly supported symplectic isotopy, thereby establishing
uniqueness up to symplectomorphism of the total space. 
5.2. Base diagrams. Our objective now is to draw base diagrams in R2 that pre-
scribe the construction of almost toric bases (B,A,S). We restrict ourselves first to the
case when (B − {Ri}Ni=1,A) can be immersed in (R2,A0) where the Ri are a minimal
set of disjoint curves, each with at an endpoint at the node si. We call the curves Ri
branch curves. Let Pi be the possible values of Φ if it were extended, as a discontinuous
map, to Ri, i.e. let Pi = {p ∈ R2|p = limx→yi Φ(x), yi ∈ Ri} and call ∪Ni=1Pi the branch
locus. Take ∆ = Φ(B−{Ri}Ni=1)∪{Pi}Ni=1 and indicate each set Pi by a line with heavy
dashes. Mark the image of a node si with the integer ki if the node has multiplicity
ki ≥ 2 and the branch curve Ri based at si is an eigenray. (If Ri is an eigenray and
the node is not marked we assume it has multiplicity 1.) Now use the conventions of
Section 3.2 to indicate the stratification. In the special case that a component of the
branch locus emanating from a node intersects the reduced boundary at a point in the
0-stratum rather that the 1-stratum we would mark intersection point with a heavy dot.
Exercise 5.5. Check that the notation for the multiplicity of a node is sufficient
and not redundant. Specifically, prove that if two vectors u, v ∈ R2 satisfy Ak(a,b)u = v
and u 6= v, then u and v determine a, b and k, while u = v implies the vector (a, b) is
parallel to u and k is not determined.
Example 5.6. Figures 5(a) and (b) are both base diagrams for the neighborhood of
a node. In the notation of Section 4.4 they are Ψ(V˜e1) and Ψ(V˜e2), thereby representing
(Ve1 ,Ae1) and (Ve2 ,Ae2). In Figure 5(b) the map Φ extends to a discontinuous map in
which the set P (described above) is the boundary of the missing sector. In Figure 5(a)
the set P is a ray and the extension of Φ is continuous but not differentiable.
Example 5.7. Figure 6 shows a base diagram for an almost toric fibration with three
nodal fibers. While at first glance one might think that this is a base diagram for a space
with orbifold singularities, the manifold it defines is in fact smooth. Sections 5.3 and 6.1
describe the techniques that allow one to see that the manifold is CP 2.
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Figure 6. Base diagram for an almost-toric fibration of CP 2.
To reconstruct the total space from a base diagram we can use Observation 3.21 to
determine the homology classes of circles that are collapsed at the reduced boundary
and the following observation to determine the vanishing class of a nodal fiber.
Observation 5.8. In a base diagram for an almost toric base, if a primitive integral
vector v is perpendicular to the eigenline through a node then v∗ =< v, · > is a covector
that defines the vanishing class of the fiber (with respect to the eigenline). This is an
immediate consequence of Proposition 2.17 and the fact that v∗u =< v, u >.
An almost toric fibration can fail to be toric because of the presence of nodal fibers or
because of the lack of an affine immersion of the base into R2. To extend to cases where
there is no choice of branch curves {Ri}Ni=1 such that B − {Ri}Ni=1 immerses in R2 we
follow the usual convention for representing surfaces in R2: we cut B along more curves
and use light lines with arrows to indicate components that need to be identified (with
trivial monodromy). (This same convention could be used to resolve the ambiguities
faced when an immersion into R2 obscures the structure of the base due to multiple
covering of portions of the image.) Proposition 3.22 provides criteria for when smooth
components of the boundaries of bases can be identified.
Using these conventions we can reconstruct an almost toric base from its base dia-
gram. This is done with the understanding that smooth components of the branch locus
are identified according to the unique nodal monodromy transformation (of the correct
multiplicity) that maps one onto the other.
Example 5.9. The manifold S2 × T 2 does not admit a Hamiltonian torus action,
however it is easy to define an almost toric fibration of it.
Let S2 ⊂ R3 be a sphere of radius 1 with symplectic structure ω1 being the induced
area form. Then the height function gives a Lagrangian fibration π1 : (S
2, ω1)→ [−1, 1]
with elliptic singularities at the north and south poles. Equip the torus T 2 with angular
coordinates (s, t), both of period 2π, symplectic form ω2 = ds ∧ dt and Lagrangian
fibration π2(s, t) = s. Then π1⊕π2 : (S2×T 2, ω1⊕ω2)→ [−1, 1]×S1 is an almost toric
fibration.
Exercise 5.10. Draw a base diagram for this fibration of S2 × T 2.
Example 5.11. In Section 11 we show examples of base diagrams of almost toric
fibrations of the K3 surface. For now we simply give some background, including a source
for Lagrangian fibrations of the K3.
The smooth K3 surface is a manifold diffeomorphic to a smooth degree four hypersur-
face in CP 3, i.e. the zero locus of a non-degenerate degree four homogeneous polynomial
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Figure 7. Two base diagrams of the same fibration.
in three variables. While there are many complex K3 surfaces (with different complex
structures) they are all diffeomorphic.
We start by defining a family of holomorphic fibrations of K3 surfaces. Consider a
pair of (distinct) smooth cubic curves in CP 2 defined by degree three polynomials P1, P2;
these are tori that intersect each other in 9 points {x1, . . . , x9}. The pencil of cubics given
by {αP1+βP2 = 0} for [α : β] ∈ CP 1 defines a fibration of CP 2−{x1, . . . , x9}. Blowing
up those points yields a holomorphic fibration of CP 2#9CP 1 over CP 1; the generic
fiber is a torus (an elliptic curve), and for generic choices of P1, P2 the singular fibers
each have one node on them (and no other singularities). When equipped with such a
holomorphic fibration by elliptic curves, this manifold is called E(1). Now take a double
branch cover of E(1), branched over a pair of (disjoint) regular torus fibers. The result
is an elliptically fibered K3 surface, also known as E(2).
Such a complex K3 surface is equipped with a hyper-Ka¨hler structure, namely a
sphere’s worth of Ka¨hler structures (complex structures aI + bJ + cK and Hermitian
metrics whose anti-symmetric parts are symplectic structures aωI + bωJ + cωK , a
2 +
b2 + c2). Given a fibration that is holomorphic with respect to J , it is Lagrangian with
respect to ωI (or aωI + cωK , a
2 + c2 = 1). (In fact it is special Lagrangian, cf. [23].)
Generically, a holomorphic fibration has 24 nodal fibers and hence so does a Lagrangian
fibration.
5.3. Branch moves. Due to the choices made in the drawing of a base diagram,
many base diagrams correspond to the same almost toric fibration. The variations result-
ing from an application of AGL(2,Z) are quite straightforward. More involved changes
occur when we alter how we cut the base before projecting it to (R2,A0). In particular,
a change in a choice of the branch curves Ri constitutes a branch move. For instance,
Figures 5 (a) and (b) differ by a branch move.
Exercise 5.12. Verify that Figure 7 shows two different base diagrams for one almost
toric fibration and that they differ by a branch move. In both diagrams the coordinates
of the node are (1, 1) and the coordinates of the endpoints of the line segment with slope
−1 are (3, 0) and (0, 3).
Example 5.13. Figure 8(a) shows a base diagram for (S2 × T 2)#CP 2. This follows
from Exercise 5.10 and the almost toric blow-up described in Section 5.4. (Filling in the
missing wedge gives the answer to Exercise 5.10.) Notice that the eigenline of the node
is parallel to the reduced boundary.
Exercise 5.14. Verify that Figure 8(b) is a base diagram for a fibration of (S2×˜T 2)#CP 2.
Hint: Fill in the missing wedge to blow down (as per Section 5.4) and then convince
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Figure 8. Base diagrams for one fibration of (S2 × T 2)#CP 2 = (S2×˜T 2)#CP 2.
yourself that this is the base diagram for a sphere bundle over a torus. Use the tech-
niques of Section 7.3 to calculate that the self-intersections of the tori represented by the
connected components of the reduced boundary are ±1.
As an application of branch moves we can use base diagrams to see that
Proposition 5.15. The manifolds (S2 × T 2)#CP 2 and (S2×˜T 2)#CP 2 are diffeo-
morphic.
Proof. As already noted, Figures 8(a) and (b) are base diagrams for (T 2×S2)#CP 2
and (S2×˜T 2)#CP 2 respectively. In Figure 8(a) the monodromy across the vertical
upward ray is A(1,0) and across the downward vertical ray (which is not drawn) is the
identity. To get from the first to the second by a branch move cut Figure 8(a) along the
downward vertical and apply the linear map A−1(1,0) to the right half of the image (with
the origin at the node); this makes the monodromy across the upward vertical ray the
identity and the monodromy across the downward vertical ray A−1(1,0). Reglue along the
upward vertical ray, thereby obtaining Figure 8(b). 
Exercise 5.16. Adapt this argument to show that (S2×Σ)#CP 2 and (S2×˜Σ)#CP 2
are diffeomorphic for any surface Σ. (The case of Σ = S2 is discussed in the appendix.)
Hint: Blow up inside a toric fibration of S2 ×D2 where D2 is a disk in Σ. Choose the
symplectic structure and the disk so that the area of the fiber S2 is smaller than the
area of the D2.
5.4. Blowing up and down. Blowing up is a simple surgery which, on a four-
manifold, amounts to replacing a ball with a neighborhood of a sphere of self-intersection
−1. It is well known how, in the toric category, to blow up at a point that is itself a
fiber (i.e. a rank zero elliptic singular point). After reviewing this we explain how, in
the almost toric category, to blow up at a point that lies on a one-dimensional fiber at
the expense of introducing a nodal fiber. Blowing down is just the reverse operation to
blowing up.
To blow up in the symplectic category one proceeds as follows: find a symplectic
embedding ϕ : (B4(r), ω0) → (M,ω) of the closed ball of radius r with the standard
symplectic structure, consider M − Int(ϕ(B4(r))) and perform a boundary reduction
along ϕ(∂B4(r)), thereby collapsing the fibers of the Hopf fibration.
In general the symplectic embedding ϕ could be very complicated. However, if (M,ω)
is equipped with a Lagrangian fibration that has a rank zero elliptic singularity, then for
sufficiently small r one can choose the embedding ϕ so that the origin gets mapped to
the rank zero singular point and it is fiber preserving with respect to the standard toric
fibration of B4(r) ⊂ (R4, ω0) (as in Example 3.23). Then the surgery can be described
in terms of a surgery on the base: remove from the base a triangular neighborhood of
the vertex that is the image of the rank zero singular point; do this in such a way that
the edges of the triangle meeting at that vertex have length 12r
2 times the length of a
primitive integral tangent vector; then connect the two resulting vertices of the base with
24 MARGARET SYMINGTON
PSfrag replacements
(a) (b)
Figure 9. Two fibrations of CP 2#CP
2
a heavy line. (See Figure 9(a).) The resulting base reveals the change in topology: the
new edge represents a symplectic 2-sphere of area πr2 whose self-intersection is −1. (See
Sections 7.2 and 7.3.)
With the allowance of nodal fibers there is another “fibration compatible” way to
blow up, namely an almost toric blow-up. We describe the surgery on the base in terms
of the base diagram and then explain how it corresponds to blowing up a point. (This
operation was initially observed by Zung [39].)
Consider an almost toric fibration π : (M,ω)→ (B,A,S) such that the 1-stratum of
B is non-empty. (Recall that the 1-stratum must belong to ∂RB.) Choose a base diagram
for B such that for some a, ε > 0 the set {(p1, p2)|p1 > −ε, p2 ≥ 0, p1 + p2 < a+ ε} with
the boundary components marked by heavy lines represents a fibered neighborhood of a
point in the 1-stratum. Remove the triangle with vertices (0, 0), (a, 0), (0, a) and insert
line segments with heavy dashes so that their endpoints are (0, a), (0, 0) and (0, a), (a, 0).
Viewing (0, a) as the origin, A(1,0) maps the vertical dashed segment to the diagonal
one and preserves horizontal vectors. Therefore, this is a base diagram for an almost
toric fibration and with respect to the induced standard coordinates the nodal fiber has
vanishing class [ ∂
∂q2
]. Notice that this is the same as the collapsing class of the component
of the 1-stratum in question. See Figure 9 for an example.
Theorem 5.4 guarantees that the described operation on the base gives a well-defined
surgery on the manifold (M,ω). To see that this surgery amounts to blowing up a point
notice that we start with a neighborhood diffeomorphic to S1 × D3; on a topological
level, the effect of the surgery is to add a vanishing disk (to create the nodal fiber) whose
boundary represents the same class as the collapsing class of the almost toric fibered
S1×D3, i.e. to adding a −1-framed 2-handle along a contractible circle. But this is the
same thing, topologically, as making a connect sum with CP
2
.
Exercise 5.17. Use the techniques of Section 7 to verify that the preimage of either
segment marked by heavy dashes is a visible sphere of self-intersection −1. (Both seg-
ments yield the same visible sphere.) This is the exceptional sphere introduced by the
almost toric blow-up.
Remark 5.18. In the toric case – and in the complex category – it is clear what
point is being blown up; this is not so in either a symplectic blow-up or an almost toric
blow-up.
5.5. Closed almost toric manifolds. As mentioned in the introduction, the set
of closed manifolds that admit almost toric fibrations is a modest expansion over those
that admit toric fibrations. More precisely, we can list them:
Theorem 5.19 (Leung and Symington [30]). If M is a closed almost toric manifold
then M is diffeomorphic to S2 × S2, S2 × T 2, N#nCP 2 with N = CP 2 or S2×˜T 2 and
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n ≥ 0, a torus bundle over a torus with monodromy
(5.1)
{(
1 λ
0 1
)
, Id
}
with λ ∈ Z,
a torus bundle over the Klein bottle that is double covered by one of the above bundles
over a torus, the K3 surface or the Enriques surface.
In this section we give a brief sketch of the proof, referring the reader to [30] for
details.
There are two parts to the proof of Theorem 5.19: showing that the aforementioned
manifolds admit almost toric fibrations and showing that there are no other almost toric
manifolds.
As to the first part, notice that S2 × S2 and CP 2#nCP 2 admit toric fibrations and
hence almost toric fibrations. Example 5.9 gives an almost toric fibration of S2 × T 2.
A base defining an almost toric fibration of S2×˜T 2 was constructed in Exercise 5.14.
Applying the almost toric blow-up of Section 5.4 to these examples yields almost toric
fibrations of S2 × T 2#nCP 2 and S2×˜T 2#nCP 2 (with the case n = 1 shown in Fig-
ures 8(a) and (b)). Note that we do not need to list separately the blow-ups of these
trivial and non-trivial bundles as they are diffeomorphic. (See Section 6.2.) Any fibra-
tion over the Moe¨bius band is a Z2 quotient of a fibration over the cylinder and hence
can be constructed explicitly in terms of a Z2 quotient of the cylinder with an integral
affine structure.
Meanwhile, Geiges’ classification of torus bundles over a torus that admit a symplec-
tic structure [17] implies that a such a bundle can have Lagrangian fibers if and only if
the manifold is diffeomorphic to a bundle with the monodromy given in the statement of
Theorem 5.19 . Taking Z2 quotients of the base, when possible, yields the total spaces
of all the regular torus bundles over the Klein bottle that admit Lagrangian fibers.
Explicit almost toric fibrations of the K3 surface are given in Section 11. The first
of these, built by taking symplectic sums of eight copies of the fibration defined by
Figure 16, has lots of symmetry. Taking a fiber-preserving Z2 quotient of this fibration
yields a fibration with 12 singular fibers and base RP 2. One way to see that this is
the Enriques surface is to notice that the resulting manifold is diffeomorphic to the one
obtained by symplectic summing four copies of the fibration defined by Figure 16 to give
a fibration of E(1) = CP 2#9CP
2
and then performing two smooth multiplicity two log
transforms along tori isotopic to the preimage of the reduced boundary. Since this latter
construction is known to yield the Enriques surface (cf. [19]) we are done.
The proof that the set of manifolds mentioned in Theorem 5.19 contains all four-
manifolds that admit an almost toric fibration is outlined by the following lemmas which
are proved in [30].
Lemma 5.20. If (B,A,S) is a compact almost toric base such that ∂RB = ∂B, then
B must have non-negative Euler characteristic and hence must be homeomorphic to a
disk, a cylinder, a Moe¨bius band, a sphere, RP 2, a torus or a Klein bottle. Furthermore,
if B is a closed manifold then it has 12χ nodes (counted with multiplicity) where χ is the
Euler characteristic of B.
(This lemma, in a more general form, is stated but not proven in [39].) The proof
is an application of the Gauss-Bonnet theorem. We separate the arguments for when B
has boundary and when it does not. Notice that the hypotheses that B is compact and
∂RB = ∂B imply that B is the base of a fibration of a closed manifold.
If B is a closed manifold then there must be 12k nodes for some integer k ≥ 0
since any product of matrices conjugate to A(1,0) that equals the identity is a product
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of 12k such matrices (cf. [19] or [15]). Choosing k disjoint open (topological) disks that
each contain 12 nodes around which the monodromy is trivial, put a flat metric on the
complement of the union of the disks and then extend the metric over the rest of the
base B. The fact that the sphere has an affine structure with 24 nodes then implies
that each collection of 12 nodes (with trivial monodromy) contributes 2π to the total
curvature, or 1 to the Euler characteristic. Therefore a closed base can only be a sphere
with 24 nodes, RP 2 with 12 nodes, or T 2 or the Klein bottle with no nodes.
If B has boundary then heuristically, B has positive Euler characteristic because
its boundary is locally convex and each node contributes non-negative curvature. To
calculate the Euler characteristic we can appeal to the Gauss-Bonnet formula for poly-
gons – that the sum of the total curvature of the polygon, the geodesic curvature of its
boundary and the discontinuities at the vertices equals 2π (cf. [34]). Triangulating B
and summing over the triangles we find the Euler characteristic as 12pi times the sum of
the contributions from the triangles. Since an affine manifold with nodes has no metric
that is compatible with the affine structure we work instead with a compact manifold
(B′,A′) that is homeomorphic to (B,A), has no nodes, and such that (B′ − P ′,A′) is
isomorphic to (B−P,A) where P ′ is a subset of ∂B′ and P is a union of disjoint curves,
each with one endpoint at a node in (B,A). Then the affine structure A′ induces a flat
metric on B′, allowing us to carry through the Gauss-Bonnet argument.
Now we can consider what manifolds can have an almost toric fibration over each of
the bases listed in Lemma 5.20.
Lemma 5.21. If there is an almost toric fibration π : (M,ω) → (B,A,S) where B
is homeomorphic to a disk and M is a closed manifold, then there is a toric fibration
π′ : (M,ω′)→ (B,A′).
The proof of this lemma relies on branch moves to change the fibration to a new
one in which the base is equivalent, after making nodal trades, to a toric base. We do
not include the details here but merely note that to make the branch moves it may be
necessary to deform the symplectic structure (as in Section 6.3), hence the indicated
change in the symplectic structure from ω to ω′.
Lemma 5.22. Let (B,A,S) be an almost toric base such that ∂RB = ∂B. If B is a
closed cylinder then two boundary components are parallel. If B is either a cylinder or
a Moe¨bius band, then the eigenlines of any nodes must be parallel to ∂B.
The essence of this lemma can be seen in Figure 8(a) where, if the reduced boundary
components were not parallel, there would be no integral affine transformation that
could glue the collar neighborhoods of the non-reduced boundary components to obtain
a cylinder. Furthermore, the introduction of a node whose eigenline is not parallel to the
boundary would have the effect of making the boundary components converge. With
these restrictions, the only closed manifolds that have almost toric fibrations over a
cylinder or a Moe¨bius band are sphere bundles over tori and their blow-ups, and we have
constructed fibrations of all of them.
We already saw above that Geiges’ classification implies that any almost toric fibra-
tion over a torus or a Klein bottle is diffeomorphic to one of the manifolds listed in the
theorem.
If the base is a sphere then it must have 24 nodes. Then it is the base of an almost
toric fibration with 24 nodal fibers. With respect to a different symplectic structure, the
manifold is the total space of a Lefschetz fibration with 24 singular fibers and hence is
the K3 surface (cf. [19]). Finally, an almost toric fibration over RP 2 must be double
covered by an almost toric fibration over S2, namely the K3 surface. Therefore, up to
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6. Modifying fibrations
6.1. Nodal slides and nodal trades. The first operation we introduce in this
section is a nodal slide:
Definition 6.1. Two almost toric bases (B,Ai,Si), i = 1, 2, are related by a nodal
slide if there is a curve γ ⊂ B such that (B−γ,A1,S1) and (B−γ,A2,S2) are isomorphic
and γ contains one node and belongs to the eigenline Li through that node.
Any two bases that are related by a nodal slide belong to a family of bases in
which the node “slides” along the eigenline. (The affine structures on the complement
of the eigenlines are not affected by the position of the node.) These define a family
of almost toric fibrations of one manifold and hence a family of symplectic structures
on that manifold. Furthermore, the manifolds are (fiberwise) symplectomorphic on the
complement of a compact set belonging to the preimage of the eigenline. Therefore we
can work in a contractible neighborhood of that preimage where the symplectic structures
are exact (since the symplectic structure in a neighborhood of a regular Lagrangian fiber
is exact). Invoking Moser’s argument [31] we can conclude that the there is an isotopy,
compactly supported in that neighborhood, that defines a symplectomorphism between
the almost toric manifolds fibering over the two bases. Therefore,
Proposition 6.2. If two bases are related by a nodal slide then they define the same
manifold equipped with isotopic symplectic structures.
Under certain circumstances, sliding a node right into an edge in ∂RB and replacing
the limit point in the edge with a vertex yields an almost toric base. If so, then the new
base again determines a manifold symplectomorphic to the original one. For instance,
Figure 1(a) and Figure 7(a) are different fibrations of the same symplectic four-ball.
Specifically,
Lemma 6.3. Given an almost toric base (B,A,S) let R be an embedded eigenray that
connects a node s with a point b in an edge E ⊂ ∂RB such that there are no other nodes
on R. Let v∗, w∗ ∈ T ∗b B be the vanishing and collapsing covectors. If v∗ and w∗ span Λ∗b
then there is an almost toric base (B,A′,S ′) such that
(1) (B,A′,S ′) contains one fewer node than (B,A,S),
(2) (B −R,A′,S ′) is isomorphic to (B −R,A,S) and
(3) in (B,A′,S ′) the intersection of R and ∂RB is a vertex.
Proof. Without loss of generality we can work locally in a neighborhood of R. The
condition that v∗ and w∗ span Λ∗bB implies that we can choose a base diagram in which
v∗ = (−1, 1) and w∗ = (0, 1). Then, possibly after rescaling, a neighborhood of the
dashed line in Figure 7(a) provides a base diagram for (B,A,S) with the dashed line
representing R. Simply erasing the dashed line reveals a neighborhood in an appropri-
ately scaled copy of Figure 1(a) that serves as (B,A′,S ′), clearly satisfying all of the
conditions listed in the lemma. This suffices to prove the lemma. Note that the condition
that v∗ and w∗ span Λ∗b is required to prevent the vertex from being the image of an
orbifold singular point. 
Remark 6.4. If the edge in B and an eigenray emanating from the node do not
intersect inside B, the symplectic manifold defined by B is still a ball, but the ball does
not have a toric fibration that agrees with the almost toric fibration near the boundary.
Two almost toric bases (B,A,S) and (B,A′,S ′) are related by a nodal trade if they
satisfy the hypotheses of Lemma 6.3.
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Theorem 6.5. Two almost toric bases that are related by a nodal trade are symplec-
tomorphic; in fact their symplectic structures are isotopic.
Proof. It suffices to prove that the almost toric bases (U,A,S) and (U,A′,S ′) in
the proof of Lemma 6.3 define diffeomorphic four-manifolds with symplectic forms that
are isotopic via an isotopy that is compactly supported in a smaller neighborhood. We
already know that (U,A,S) is the base of a fibration of an open four-ball. To see that
(U,A′,S ′) also defines a four-ball, notice that it can be viewed as D4 with a 1-handle
attached (to get S1×D3) and then a −1-framed 2-handle (a thickening of the vanishing
disk) attached along a circle that runs once over the 1-handle (since v∗, w∗ span Λ∗b).
Such a 2-handle cancels the 1-handle so the manifold is D4.
Now repeat the Moser argument proving Proposition 6.2 to complete the proof of
the theorem. 
Remark 6.6. As observed by Zung [39], the one parameter family of fibrations
corresponding to sliding a node into an edge and achieving a nodal trade is, in the
language of integrable systems, a Hamiltonian Hopf bifurcation that occurs in many
Hamiltonian systems [37].
Exercise 6.7. Suppose (B,A,S) has a multiplicity k node at s and (B,A′,S ′) has
k distinct multiplicity 1 nodes on a segment L of the eigenline through these nodes.
Use the same type of arguments to prove that if (B − L,A,S) and (B − L,A′,S ′) are
isomorphic, then (B,A,S) and (B,A′,S ′) define the same four-manifold with isotopic
symplectic structures.
6.2. Connecting toric fibrations. It is well known that (S2 × S2, ω ⊕ λω) can
admit distinct toric fibrations and that the number of such fibrations depends on λ.
If, without loss of generality, we assume λ ≥ 1, then the number of such fibrations is
⌈λ⌉, the smallest integer greater than or equal to λ. The number of these fibrations is
interesting in that it equals the number of non-conjugate tori in the group of Hamiltonian
symplectomorphisms of (S2×S2, ω⊕λω) [26]. Furthermore, each time λ passes an integer
the topology of the full symplectomorphism group changes [21, 1, 2, 3].
Using nodal slides and branch moves the different toric fibrations of (S2×S2, ω⊕λω)
can be connected by a path of almost toric fibrations. This provides a simple geometric
proof of the the diffeomorphism equivalence of the manifolds defined by the ⌈λ⌉ different
toric bases and also, invoking a Moser argument, the isotopy equivalence of the induced
symplectic forms.
We illustrate this in Figure 10 in which case λ = 32 . Figures 10(a) and (b) show
fibrations that clearly differ from toric ones by a nodal trade and the two figures differ
from each other by a branch move.
Conjecture 6.8. Any two toric fibrations of (M,ω) can be connected by a path of
almost toric fibrations of (M,ω). (Note that ω is fixed throughout this path.)
6.3. Deformations. A deformation of a symplectic manifold is a one-parameter
family of symplectic structures. In general the cohomology class of the symplectic struc-
ture varies during the deformation. Any one-parameter family of almost toric bases that
defines the same smooth manifold defines a deformation of the symplectic structure.
One obvious deformation arises from rescaling an almost toric base, thereby causing
a rescaling of the symplectic structure. Also, if the base is non-compact or has boundary
then removing portions of the top stratum of the base or adding to it so as to yield a
new base homeomorphic to the first will give a deformation.
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Figure 10. Branch move for one fibration of (S2 × S2, σ ⊕ 32σ)
Two other useful variations of the base are “thickening” and “thinning” along the
reduced boundary. (These deformations were originally introduced in [32] where they
were used to prove the diffeomorphism equivalence of certain four-manifolds.) Specifi-
cally, an edge in the reduced boundary has a collar neighborhood fibered by curves that
are affine linear. When the edge contains two vertices the collar neighborhood has a base
diagram as shown in Figure 2 for some choice of length a of the heavy horizontal line
and slope 1
n
, n ∈ Z, for the rightmost heavy line. The thickness of the neighborhood
is the length of the vertical heavy line, say t. Call such a neighborhood (Na,n,t,A0,S).
Notice that for fixed lengths a, t and fixed n the base (Na,n,t,A0,S) belongs to a fam-
ily (Na−nτ,n,t+τ ,A0,S) where τ ∈ (−t, an) if n > 0 and τ ∈ (−t,∞) if n ≤ 0. (The
upper bound on τ when n > 0 merely guarantees that a − nτ stays positive.) Then
to thicken or thin (B,A,S) along an edge containing two vertices means to replace a
collar neighborhood of it that is isomorphic to (Na,n,t,A0,S) with one isomorphic to
(Na−nτ,n,t+τ ,A0,S) for some τ > 0 or τ < 0 respectively.
Exercise 6.9. Extend this definition of thickening and thinning to the case when
the 1-stratum is compact. Hint: Examples 5.9 and 5.7 contain base diagrams in which
the 1-stratum is compact.
The effect on the cohomology class of the symplectic structure is evident from the
changes in the areas of the spheres (or torus) that are the preimage of the closed edges
of B. This is discussed again near the end of Section 7.3.
7. Reading the base I: surfaces
7.1. Visible surfaces. Some surfaces embedded in a toric fibered manifold are
easily reconstructed from their images in the base, such as the symplectic spheres that
are preimages of edges in the base of a toric fibration of a closed manifold. In this
section we explain how a curve in the base of an almost toric fibration and the choice
of elements of H1 of regular fibers of the curve together determine surfaces in the total
space. We also show how this data determines whether or not the surface is symplectic
or Lagrangian.
Throughout this section, given an immersed curve γ : I → (B,A,S), we use {γi}ki=1
to denote the continuous components of γ|γ−1(B−∂RB). We assume that if γ approaches
and then coincides with a component of the 1-stratum of ∂RB (on a set with non-empty
interior) that the tangency of γ with ∂RB at a point of first contact is sufficiently high so
as to ensure that Σγ is non-singular. Specifically, if there are local standard coordinates in
which γ is given by (p1, f(p1)) then at such a point of first tangency
√
f is differentiable.
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Definition 7.1. A circle in a regular fiber Fb of a Lagrangian fibration is an affine
circle if it has a tangent vector field belonging to Λvert.
Definition 7.2. A visible surface Σγ in an almost toric fibered manifold π : (M,ω)→
(B,A,S) is a an immersed surface whose image is an immersed curve γ with transverse
self-intersections such that π|Σγ∩pi−1(B0) is a submersion onto γ ∩ B0, any non-empty
intersection of Σγ with a regular fiber is a union of affine circles, and no component of
∂Σγ projects to a node.
Notice that a visible surface must be a sphere, a disk, a cylinder or torus.
Definition 7.3. Given an immersed curve γ : I → (B,A,S), let {γi}ki=1 be the
continuous components of γ|γ−1(B−∂RB). A primitive class ai in H1(π−1(γi),Z) (such
that π∗ai = 0 if γi is a loop) is compatible with γ if all of the following are satisfied:
(1) ai is the vanishing class of every node in γi,
(2) |ai · c| ∈ {0, 1} for each c that is the collapsing class, with respect to γi, for a
component of the 1-stratum of ∂RB that intersects γi,
(3) |ai · c| = 1 if γi intersects the 1-stratum non-transversely,
(4) |ai · d| = 1 for each d that is one of the two collapsing classes at a vertex con-
tained in the closure of γi. (Here · is the intersection pairing in H1(π−1(γi),Z)
and γi is the closure of γi.)
Note that we defined the collapsing class to be in the first homology of a regular
fiber. But since the collapsing class in H1(Fb,Z), Fb being any fiber in π
−1(γi), has the
same image in H1(π
−1(γi),Z) induced by the inclusion map, it makes sense to view the
collapsing class as living in H1(π
−1(γi),Z).
Theorem 7.4. Suppose (B,A,S) is an almost toric base such that each node has
multiplicity one. An immersed curve γ : I → (B,A,S) with transverse self-intersections
and a set of compatible classes {ai}ki=1 together determine a visible surface Σγ such that
for each b ∈ γi,
(7.1) ι∗[Σγ ∩ Fb] = ai
where ι : Fb → π−1(γi) is the inclusion map. The surface Σγ is unique up to isotopy
among visible surfaces in the preimage of γ that satisfy Equation 7.1. Furthermore, no
such surface exists if the classes ai are not compatible with γ.
Proof. If γ ⊂ ∂RB then γ defines a symplectic submanifold with an induced almost
toric fibration over γ. In this case Σγ is a sphere or disk if γ has two endpoints or
one endpoint, respectively, in the 0-stratum; it is a torus if γ is compact and without
boundary; otherwise Σγ is a cylinder. Tori projecting to γ ⊂ ∂RB can be found in
Examples 5.7 and 5.13, among others.
Now suppose γ ∩ (B − ∂RB) 6= ∅. In that case we certainly need to specify classes
ai in order to obtain a visible surface Σγ that is well defined up to isotopy. Since the
compatibility conditions for the ai deal only with local phenomena (near a given fiber),
we assume for simplicity of exposition that γ is embedded.
First suppose that γi contains no nodes. Then π
−1(γi) is a trivial torus bundle over
γi. Choose a trivialization T
2× γi of this torus bundle. Then for any ai and any section
σ : γi → γi × T 2 there is a unique visible surface that is a cylinder which contains
the image of the section and whose intersection with any fiber represents ai. Since all
sections are isotopic, Σγi is unique up to isotopy among visible surfaces over γi.
If γi (and hence γ) has a node s as an endpoint, then the requirement that no
component of ∂Σγ project to a node implies π
−1(s) ∩ Σγ is the nodal singular point.
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Furthermore, the smoothness of Σγ implies that ai is the vanishing class of that node. If
a node s is on the interior of γi, then because the vanishing class is the only well defined
class in a neighborhood of the node, in order for the class of the affine circles in Σγ to
be well defined as γ passed through a node we must have the ai is the vanishing class
for that node.
Next suppose γi intersects at b a component of the 1-stratum of ∂RB that has
collapsing class c with respect to γi. If the preimage of b in Σγ is a point (in which
case b must be an endpoint of γ), then the smoothness of Σγ implies that ai must be,
up to sign, the collapsing class c, i.e. ai · c = 0. Furthermore, as can be checked in
local coordinates, transversality of the intersection of γ and the reduced boundary at
b guarantees smoothness of Σγ . If however the preimage of b in Σγ is a circle C that
represents the generator of H1(Fb,Z) = Z, for C to be a limit of representatives of ai
we must have ai = d+ kc for some k ∈ Z where d ∈ H1(π−1(γi),Z) is such that c and
d generate H1(π
−1(γi),Z) (or a two dimensional subgroup of it if γi is a loop). This is
equivalent to having |ai · c| = 1.
If the closure of γi contains a vertex then an affine circle representing a class ai is a
torus knot in an embedded S3 bounding a neighborhood of the preimage of the vertex.
In fact, it is a torus knot T (k, l) where ai = kb1 + lb2 where b1,b2 are the vanishing
classes of the two edges that meet at the vertex. But a torus knot T (k, l) is trivial if and
only if k or l equals ±1 and |bi · bj | equals 0 if i = j and 1 if i 6= j. Therefore k or l
equals ±1 if and only if a · bi = ±1 for i = 1 or 2.
The sufficiency of the compatibility conditions for the existence of Σγ can be checked
directly in the the local models for neighborhoods of the singular fibers. Because the
family of affine circles in a nodal fiber that represent the vanishing class is connected and
because the node is the only isolated point that is the limit of affine circles in neighboring
regular fibers, the presence of a node in γ does not disrupt the surface Σγ being well-
defined up to the stated fiberwise isotopy. Furthermore, any fiberwise isotopy of Σγi
extends to its closure in an obvious way. 
In light of our goal of reading topological and symplectic properties of a manifold
from a base diagram, we want to use Theorem 7.4 to reconstruct a visible surfaces from
a curve in a base diagram. Again, for simplicity of exposition we assume that our base
is a subset of (R2,A0).
Recall that a class in the first homology of a regular fiber Fb is determined by a
covector in T ∗b B. Given a base diagram we can then use the standard inner product on
TB ⊂ TR2 to represent the covector by its dual in TbB. Therefore, to record the choices
of compatible classes ai we assign a compatible vector vi ∈ R2 to γi such that the integral
curves of the vector field vi
∂
∂q
⊂ Λvert represent ai. If γi contains a node then vi is forced
on us so we do not need to label γi with that vector.
For reading base diagrams, and in particular for determining whether or not vectors
vi are compatible, the following direct calculation is helpful:
Proposition 7.5. Suppose Fb is a regular fiber in an almost toric fibration defined
by (B,A0,S) ⊂ (R2,A0). Given two elements a,b ∈ H1(Fb,Z) and vectors v,w ∈ R2
such that [v ∂
∂q
] = a and [w ∂
∂q
] = b we have |a · b| = |det(vw)| = |v × w|.
Also recall Observations 3.21 and 5.8.
Of course, if the image of γi in a base diagram intersects the branch locus, the
compatible vector vi = (ki, li) will not stay constant as γ crosses this locus (unless it is
the eigenvector of the monodromy for the corresponding node). However, the change in
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the vector is determined by the base diagram and therefore it suffices to indicate vi at
just one point of γi.
Remark 7.6. The above restrictions that all nodes have multiplicity one and that no
boundary component of ∂Σγ project to a node were made only to simplify reconstruction
of Σγ from a base diagram. With greater willingness to add data to base diagrams these
could be eliminated.
7.2. Symplectic area. It is easy to read the (signed) symplectic area of a visible
surface off of its image in a base diagram. The toric case is well known: If γ is an edge
that is a smooth component of the reduced boundary, then the area of π−1(γ) is 2π|a|
if the edge is av for some primitive integral vector v. Indeed, by applying an element of
GL(2,Z) to the base we can assume that a neighborhood of γ is as in Example 3.26 in
which case the area of π−1(γ) equals 2π|a| where |a| is the length of γ.
In general we need a way to keep track of orientations.
Definition 7.7. Consider a parameterized curve γ : I → (B,A,S), its image in
a base diagram and a set of compatible vectors {vi} that define a visible surface Σγ .
Let b = γ(t) be a point on the interior of γi and x ∈ M such that π(x) = b. Let
u˜, v˜i ∈ TxΣγ ⊂ TxM be as in Theorem 2.6 where u = γ′(t) ∈ TbR2. Then the {vi}Ni=1 are
co-oriented if each ordered pair (u˜, v˜i) defines the chosen orientation of Σγ .
Then we have:
Proposition 7.8. Let γ : I → (B,A,S) be a parameterized immersed curve and
{vi}Ni=1 a set of co-oriented compatible vectors in a base diagram that define an oriented
surface Σγ. Then the (signed) symplectic area of Σγ is
(7.2) Area(Σγ) = 2π
∫ 1
0
γ′(t) · v(t)dt
where v(t) = vi if γ(t) ∈ γi and for other values of t (when γ ⊂ ∂RB) v(t) is in integral
vector such that u(t)× v(t) = 1 for some integral vector u(t) = λγ′(t), λ > 0.
Notice that when γ(t) belongs to a component of ∂RB that intersects γi we can
choose v(t) to be equal to vi.
Proof. With respect to standard coordinates we can parameterize the interior of
each Σγi as p = γi(t), q = vis for 0 ≤ αi < t < βi ≤ 1 and 0 ≤ s ≤ 1. Then since
ω = dq∧dq it is immediate that Area(Σγi) =
∫ βi
αi
∫ 1
0 γ
′
i(t) ·vidtds =
∫ βi
αi
γ′i(t) ·vidt. As for
the components of γ that lie in a component of the 1-stratum of ∂RB, each one lifts to
a visible surface in the boundary recovery B × T 2. Supposing that the collapsing class
of this component of the stratum is b, the visible surface is well defined up to isotopy
and choice of class a such that |a ·b| = 1. With v ∂
∂q
being the tangent vector to integral
curves representing a, the inner product γ′(t) · v is independent of our choice of a since
for two choices a,a′, (a− a′) · b = (v − v′) · γ′(t) = 0. 
Corollary 7.9. If a visible surface Σγ is Lagrangian then γ is an affine linear
one-dimensional submanifold that contains no open subsets of the 1-stratum of ∂RB.
Proof. For Σγ to be Lagrangian we must have that γ
′(t) · v(t) = 0 for all t ∈ I.
Since v(t) is an integral vector valued function it is piecewise constant, therefore, because
γ is smooth we have that γ is linear. The constraint γ′(t) · v(t) = 0 and the integrality
of v(t) then force γ to be affine linear. Furthermore, γ cannot contain an open subset of
the 1-stratum of ∂RB since for such points we would have γ
′(t) · v(t) > 0. 
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7.3. Intersections numbers. In this section we explain how to calculate the inter-
sections and self-intersections of visible surfaces. The latter are of particular importance
from the symplectic standpoint because the symplectic neighborhood theorem (cf. [31])
implies that the germ of a symplectic neighborhood of a symplectic surface in a sym-
plectic four-manifold is determined by its self-intersection and area.
We start by calculating, separately, the signed transverse geometric intersection of
visible surfaces in the preimage of a regular point or a node.
Lemma 7.10. Consider two oriented visible surfaces Σγi, i = 1, 2, defined by pa-
rameterized arcs γi : I → B0 ⊂ (B,A,S) and co-oriented compatible vectors vi in a
base diagram. Suppose γ1 and γ2 intersect transversely at one point b ∈ B0 and assume
that Σγ1 and Σγ2 intersect transversely in Fb. Let ui be a tangent vector at b that is
positively oriented with respect to the parameterization of γi. Then Σγ1 intersects Σγ2
in |det(v1v2)| points in Fb and the sign of all of the intersections equals the sign of the
product det(u1u2) det(v1v2).
Proof. The vectors vi determine homology classes [vi
∂
∂q
] in H1(Fb,Z) whose alge-
braic intersection in Fb is [v1
∂
∂q
] · [v2 ∂∂q ] = v1 × v2 = det(v1v2). Since the representatives
of these classes are affine circles the algebraic intersection equals the geometric intersec-
tion. To figure the sign of the intersection of the two surfaces in the four-manifold from
the intersection of curves in the fiber torus, note that the sign of the intersection equals
the sign of det(u˜1v˜1u˜2v˜2) = det(u1u2) det(v1v2). 
Notice that two visible surfaces can have a transverse intersection at a node only if
they share an endpoint at that node. Indeed, as we saw in the proof of Theorem 7.4,
if γ has a node on its interior then the preimage of that point in Σγ is an affine circle
representing the vanishing class. The only transverse intersection two such circles, or
one such and the node, can have is an empty intersection.
Lemma 7.11. The signed intersection of a pair of vanishing disks that intersect once
transversely at a nodal singular point is −1.
Proof. To calculate this intersection we refer to the local model in Section 4.2.
There we have used complex coordinates x = x1 + ix2, y = y1 + iy2 on a neighborhood
of the nodal singularity (at the origin) and the total space has the orientation given
by (x, y). Since the neighborhood of the nodal fiber supports the S1 action defined by
t · (x,y) = (e2piitx, e2piity)(and its continuation into the (u,v) coordinate chart), the
vanishing cycles can be chosen to be T (1, 1) torus knots in an S3 that is the boundary
of a neighborhood of the nodal singularity. These intersect each other positively once
with respect to the usual orientation on C2, but since we have the reverse orientation
the intersection is −1. 
Exercise 7.12. Check that the only transverse intersections of visible surfaces that
lie in the preimage of the 1-stratum are empty.
We now consider how to calculate the self-intersection of a visible sphere or torus
Σγ from its image γ in a base diagram. First, if possible, find an isotopic visible surface
Ση such that the intersection of Σγ and Ση (hence the self-intersection of Σγ) can be
calculated using Lemmas 7.10 and 7.11. If such a Ση does not exist (as when γ =
∂B = ∂RB) then calculate the self-intersection by applying the above lemmas to the
intersections of two surfaces Σγ1 , Σγ2 that are isotopic to Σγ .
We make the calculation explicit for the two most useful cases.
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Figure 11. Isotopic spheres Σγ1 and Σγ2 .
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Figure 12. Isotopic tori Σγ1 , Σγ2 in S
2 × S2#CP 2.
Proposition 7.13. Suppose Σγ is a sphere such that γ ⊂ ∂RB (so γ is an edge). Let
v1, v2 be the inward pointing collapsing vectors for the two components of the 1-stratum
whose closures intersect the endpoints of γ. Let vγ be the inward pointing collapsing
vectors for the component of the 1-stratum contained in γ. Then the self-intersection of
the sphere Σγ equals v1 × v2 where the vectors are indexed so that v1 × vγ > 0.
Proof. Figure 11 shows two surfaces Σγi , i = 1, 2 that are isotopic to Σγ . For each
the compatible vector is the collapsing vector for the 1-stratum that the curve intersects
transversely. Applying Lemma 7.10 then gives the formula. 
Proposition 7.14. Suppose Σγ is a torus with γ ⊂ ∂RB, so γ = ∂RB = ∂B. Let v be
an inward pointing collapsing vector for the reduced boundary. Then the self-intersection
of Σγ equals v × v′ where v′ is the parallel transport of v clockwise along γ.
Proof. In a base diagram γ appears as a union of k ≥ 3 line segments with oriented
integral tangent vectors {u1, . . . , uk} such that uj+1 = Ajuj where Aj is conjugate to
A(1,0) and the vectors are indexed so that j increases as one moves clockwise along
the boundary. Without loss of generality let v be a primitive integral vector normal
to the edge with tangent vector u1. Now choose two curves γ1, γ2 isotopic to γ in a
small collar neighborhood of γ that contains no nodes. Choose them so that γi ∩ γ
for i = 1, 2 each consists of a closed subset of “first edge” – the segment with tangent
vector u1. Choose compatible vectors v1, v2 for Σγ1 ,Σγ2 to equal u1 just to the left of the
intersection of γi with the first edge. (See Figure 12 for an example.) Then on the other
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side of the intersection the compatible vector representing the same homology class is
A−Tk · · ·A−T2 A−T1 u1. This equals Ak · · ·A2A1v, which is the parallel transport of v along
the curves γi, because v = Ju1 and AjJ = JA
−T
j . Applying Lemma 7.10 we get the
result. 
When the image γ of a visible sphere or torus belongs to ∂RB the surface is necessarily
symplectic. A collar neighborhood of γ is fibered by parallel affine linear submanifolds
ηt and the rate of change of the affine length of these submanifolds measures the self-
intersection of the surface, i.e. the first Chern class of the normal bundle. Indeed, the
pre-image of ηt is a circle bundle over the surface whose first Chern class equals the self-
intersection of Σγ . Furthermore, the rate of change of the affine length of ηt measures
the Chern class of the normal bundle of the surface (or self-intersection of the surface).
Specifically, let u be a primitive integral vector tangent to γ and w be an inward
pointing integral vector such that |n×w| = 1. Choose the parameter t so that ηt passes
through points b+tw for b ∈ γ. Letting l(t) be the affine length of γ, dl
dt
is a constant and
is equal to the self-intersection of Σγ . We leave it to the reader to verify this alternative
formula for the self-intersection. It is a special case of the following:
Proposition 7.15. (cf. [31]) Given a circle bundle π : P → X with first Chern
class c1, then there is an S
1 invariant symplectic form ω on the manifold P × I with
Hamiltonian function H equal to the projection P×I → I and with reduced spaces (X, τλ)
where [τλ] = [τµ] + (λ− µ)c1.
8. Reading the base II: total space
8.1. Euler characteristic and fundamental group. Given an almost toric fi-
bration we can calculate the Euler characteristic of the total space M very easily from
the base:
(8.1) χ(M) = V +
∑
i
ki
where V is the number of vertices and ki is the multiplicity of each node si.
This follows from the additivity property of the Euler characteristic and the Euler
characteristics of almost toric fibered neighborhoods of the different types of fibers. Each
neighborhood has the homotopy type of the singular fiber so the Euler characteristic of
the neighborhood of a point, circle, or torus fiber is 1, 0 and 0 respectively. Accordingly,
the neighborhood of a multiplicity k nodal fiber has the homotopy type of either a
pinched torus (if k = 1) or a cyclic chain of k spheres, each of which intersects two others
once. Such a fiber has Euler characteristic k. We can choose to cover the manifold with
fibered neighborhoods so that the intersections of the neighborhoods are all either empty
or diffeomorphic to a torus bundle or S1×D3 and hence always have Euler characteristic
equal to 0.
Exercise 8.1. Note that by encoding the collapsing and vanishing classes, the base
of an almost toric fibration reveals the fundamental group of the total space. Verify that
any closed toric manifold is simply connected.
8.2. First Chern class. Given a symplectic manifold (M,ω) its first Chern class
c1(M) is c1(TM) where TM is a complex vector bundle with respect to a compati-
ble almost complex structure on M . (An almost complex structure J is compatible if
ω(u, Ju) > 0 for all u 6= 0 and ω(Ju, Jv) = ω(u, v) for all u, v.) Recall that the set
of compatible almost complex structures is contractible, so in particular c1(M) is well-
defined.
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One way to define the first Chern class of a complex vector bundle of rank k is as
the Poincare´ dual to the homology class of the set D of points where a generic k-frame
becomes degenerate (i.e. drops in rank); in doing so the sign of the homology class
is chosen with regard to orientations. For a Lagrangian fibered symplectic manifold
we bypass choosing an almost complex structure: a representative of the homology
class Poincare´ dual to c1(M), up to sign, is given by the set of points where a generic
Lagrangian k-frame of TM degenerates.
To get the orientations right we can proceed as follows: Choose a generic n-tuple
of sections η1, . . . , ηn that span a Lagrangian subspace of each tangent plane in which
they are linearly independent. Let D ⊂ M be the set of points where they are linearly
dependent, and D′ ⊂ D the set of points where they span an n − 1-dimensional sub-
space. In a neighborhood of a point x ∈ D′ choose two other sections µ1, µ2 such that
ω(µ1, µ2) > 0 and {ηj}j<n ∪ {µi} defines a Lagrangian frame for either i = 1 or 2. Then
ηn =
∑
j<n fjηj + gµ1 + hµ2 for smooth functions fj, g, h. Now let Ω be an orientation
for the component of D′ containing x so that Ω ∧ dg ∧ dh gives the orientation of M .
Then the homology class represented by D with the orientations given by Ωx for x ∈ D′
gives the Poincare´ dual to c1(M). This calculation follows from using an almost com-
plex structure to complete the Lagrangian frame to a complex frame and then carrying
out the usual calculation of the orientations (cf. [20]). The answer is independent of
whatever local compatible almost complex structure we choose.
Proposition 8.2. Consider an almost toric fibration π : (M,ω) → (B,A,S) of
a closed manifold M . The Poincare´ dual to c1(M) is given by the homology class of
π−1(∂RB).
Proof. This is especially easy for a toric manifold: we have standard coordinates
(p, q) defined on π−1(B0). There, we can take sections ηi =
∂
∂qi
, i = 1, . . . , n. These
become linearly dependent exactly on the preimage of the reduced boundary and span
an n − 1-dimensional subspace on the preimage of the n − 1-stratum of the reduced
boundary. It suffices to consider the case when the collapsing class is [ ∂
∂qn
] in which case
we have local coordinates (p1, q1, . . . pn−1, qn−1, xn, yn). Taking µ1 =
∂
∂xn
, µ2 =
∂
∂yn
we
have ∂
∂qn
= −yn ∂∂xn + xn ∂∂yn so dg ∧ dh = dxn ∧ dyn. Therefore the smooth components
of the preimage of the reduced boundary contribute with their orientations as symplectic
manifolds.
Restricting to dimension four, we do not necessarily have global sections ∂
∂qi
in an
almost toric fibration. However, on the complement of nodal singularities ∂
∂q1
∧ ∂
∂q2
is
well defined since it is invariant under the action of GL(2,Z). Therefore the Chern
class can be calculated using local sections that give this same section of ∧2TM . Since
the nodal singularities are codimension four they do not contribute to the Chern class
calculation. 
8.3. Volume. Given an almost toric fibration π : (M,ω) → (B,A,S), the sym-
plectic volume of M is equal to the symplectic volume of π−1(B0) where B0 is the set
of regular values. This is a regular Lagrangian fibration with ω = dp ∧ dq with re-
spect to standard local coordinates (which are compatible with the fibration). Therefore
the symplectic volume of M ,
∫
M
ωn, equals n!
∫
pi−1(B0)
dp1 ∧ dq1 ∧ · · · ∧ dpn ∧ dqn =
n!(2π)n
∫
B0
dp1 ∧ · · · ∧ dpn since q is defined mod 2π. (Note that dp1 ∧ · · · ∧ dpn gives a
well defined volume form on the base because elements of AGL(n,Z) preserve volume.)
For instance, the symplectic volume of (CP 2, ω) where ω is determined by an almost
toric fibration over the base in Figure 1(b), is 4π2.
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9. Lens spaces and manifolds they bound
9.1. The cone on a lens space. Two common definitions of the lens space L(n,m)
where n,m are relatively prime integers, n ≥ 1, are:
• The quotient of the sphere S3 = {(z1, z2)||z1|2+ |z2|2 = 1} ⊂ C2 by the free Zn
action generated by α · (z1, z2) = (αmz1, αz2) where α = e 2piin .
• The space obtained by gluing two solid tori along their boundaries T1, T2 as
follows: choose generators (ai, bi), i = 1, 2, for H1(Ti,Z) such that ai is the
class of a meridinal circle in Ti and ai · bi = 1; then glue the two solid tori
together by a diffeomorphism φ : T1 → T2 such that φ∗a1 = −ma2 + nb2.
For the first definition to make sense, one certainly must assume that n 6= 0, hence
L(0, 1) is not a lens space. However, n = 0 does make sense in the second definition and
one can easily see that L(0, 1) = S2 × S1. The orientation of the lens space L(n,m) is
the one it inherits from S3 in the first definition and from the solid tori oriented by the
frame { ∂
∂ri
, ∂
∂θi
, ∂
∂φi
} where ri is a radial coordinate and θi, φi are cyclic coordinates such
that the meridians ai are represented by curves in the boundaries Ti given by φi = const.
For our purposes, the following rephrasing of the second definition is most natural:
Definition 9.1. Let (q1, q2) be coordinates on T
2, t a coordinate on I and orient
T 2 × I by the frame { ∂
∂t
, ∂
∂q1
, ∂
∂q2
}. The lens space L(n,m) is the quotient of T 2 × I/ ∼
where ∼ collapses the integral curves of ∂
∂q1
on T 2×{0} and collapses the integral curves
of −m ∂
∂q1
+ n ∂
∂q2
on T 2 × {1}.
Using Definition 9.1 it is very easy to construct a toric fibration of the cone on a lens
space:
Example 9.2. Let u = (n,m) and v = (0, 1) be two vectors in (R2,A0) and define
the domain Vn,m := {xu ± yv ∈ R2|x, y ≥ 0} − {(0, 0)} and its closure Vn,m. Then
(Vn,m,A0,S) where S is specified by heavy lines on the two edges of Vn,m, is the base
or a toric fibration of (L(n,m)×R+, ωn,m). To see this, let p2 be the coordinate on the
vertical axis in R2; then Definition 9.1 implies immediately that π−1(Vn,m ∩ {p2 = s}),
s > 0 is the lens space L(n,m). Notice that given any embedded curve γ ⊂ Vn,m which
intersects the boundary of Vn,m once transversely on each edge, π
−1(γ) = L(n,m).
Remark 9.3. Notice that in general the four-dimensional space defined by (Vn,m,A0,S)
is not smooth. Indeed, the cone on a lens space L(n,m) is smooth only when n = 1, i.e.
when the lens space is S3. Otherwise it has an orbifold singularity.
The following theorem, which records the redundancy in the above definitions is well
known (cf. [25]).
Theorem 9.4. Two lens spaces L(n,m) and L(n,m′) are orientation preserving
diffeomorphic if and only if
m ≡ m′ (mod n) or(9.1)
mm′ ≡ 1 (mod n).(9.2)
Note that since the fundamental group of L(n,m) is Zn, L(n,m) and L(n
′,m′) can
only be diffeomorphic if n = n′.
We can use base diagrams to “see” these diffeomorphism equivalences. We merely
need to apply linear maps A ∈ GL(2,Z) to the base diagram for (Vn,m,A0,S) with the
vertex at the origin (e.g. Example 9.2). If we choose A so that it leaves v = (0, 1)
fixed then A =
(
1 0
k 1
)
. so the image of Vn,m is Vn,m′ where m
′ = kn + m. To see the
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second equivalence, choose A so that it sends (n,m) to (0, 1), i.e. A =
(
−m n
c m′
)
with
detA = −1.
Exercise 9.5. Two lens spaces L(n,m) and L(n,m′) are orientation reversing diffeo-
morphic if and only if m ≡ −m′ (mod n) or mm′ ≡ −1 (mod n). Use base diagrams to
verify that such lens spaces are diffeomorphic. How does the reversal of the orientations
show up?
Toric fibrations also give a way to see the equivalence of the two definitions of the
lens space L(n,m), (1) as a quotient of S3 and (2) as a union of solid tori.
To explain this, we present a symplectic n-fold covering of L(n,m)×R+ by L(1, 0)×
R+ = S
3 × R+ from which we can extract the quotient construction. Indeed, define a
linear map B : R2 → R2 by
(9.3) B =
(
1 0
m
n
1
n
)
which maps V1,0 onto Vn,m. The map (B,B
−T ) : (V1,0 × T 2, ω0) → (Vn,m × T 2, ω0) is
then a symplectic n-fold cover that descends under boundary reduction to a symplectic
n-fold cover of L(n,m) × R+ by L(1, 0) × R+ that preserves the almost toric fibrations
defined by V1,0 and Vn,m. Restricting this n-fold cover to a sphere S
3 that projects to
an embedded curve γ ⊂ V1,0, we see L(n,m) as the stated quotient of S3. Because
Definition 9.1 is just a rewording of (2), we are done.
9.2. An induced contact structure. A contact structure ξ on a three-manifold
N is a completely non-integrable plane field. Locally (and often globally) such a plane
field can be prescribed as the kernel of a 1-form α such that
(9.4) α ∧ dα 6= 0.
Conversely, given any 1-form α satisfying Equation 9.4, ξ = ker α is a contact structure.
Contact structures are the cousins of symplectic structures that live on odd dimen-
sional manifolds. In particular, contact manifolds arise naturally as hypersurfaces in
symplectic manifolds.
Definition 9.6. A vector field X on a symplectic manifold (M,ω) is expanding if it
satisfies LXω = ω.
Recall that LXω := d(ιXω) + ιXdω. In our case, since dω = 0 only the first term is
non-zero.
A basic result from contact geometry is:
Proposition 9.7. Let Y ⊂ (M,ω) be a hypersurface. If there is an expanding vector
field X defined on a neighborhood of Y that is transverse to Y , then α := ιXω defines a
contact structure on Y .
An almost toric fibration of a symplectic manifold allows for a simple criterion to
determine the existence of an induced contact structure on certain lens space hypersur-
faces.
Definition 9.8. A visible lens space in a symplectic manifold with almost toric
fibration π : (M,ω)→ (B,A,S) is the preimage of an embedded curve γ ⊂ (B,A,S) that
is disjoint from nodes and the 0-stratum and intersects the 1-stratum of ∂B transversely
at its endpoints.
That π−1(γ) is a lens space follows directly from Definition 9.1. Notice that a neigh-
borhood of γ, chosen small enough to contain no nodes, necessarily admits an integral
affine immersion to R2 (since it is simply connected).
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Proposition 9.9. Let γ ⊂ (B,A,S) be an embedded curve that defines a visible lens
space and let N (γ) be a neighborhood of γ. Consider an immersion Ψ : (N (γ),A) →
(R2,A0). If there is a point x0 ∈ R2 such that Ψ(γ) is transverse to all lines through x0
and those lines through x0 that intersect the endpoints of Ψ(γ) are tangent to the image
of ∂RB at those intersections, then the lens space has an induced contact structure.
Proof. Let Φn : (W˜n,An) → (R2 − {0},A0) be an n-fold cover equipped with
local coordinates p = (p1, p2) induced from R
2. This defines a Lagrangian fibration
πn : (N (γ) × T 2, ωn) → (Wn,An) where ω = dp ∧ dq with respect to local standard
coordinates. Without loss of generality take x0 to be the origin in R
2. The transversality
assumption on γ implies that if N (γ) is chosen small enough, the immersion Ψ factors
through an embedding Ψn : (N (γ),A)→ (W˜n,An) so Ψ = Φn◦Ψn. Then the vector field
p ∂
∂p
on (R2 − {0},A0) defines a vector field of the same form on (W˜n,An), and likewise
a vector field X = p ∂
∂p
on N (γ) × T 2 ⊂ (W˜n × T 2, ωn). Note that X is transverse to
π−1n (Ψn(γ)). Therefore, since d(ιXdp ∧ dq) = d(pdq) = dp ∧ dq, X defines a contact
structure on γ × T 2 ⊂ (N(γ) × T 2, ωn). The assumed tangency at the endpoints of γ
implies this vector field extends to a well defined vector field on the boundary reduction
of N (γ)× T 2 along π−1n Ψn(∂RB ∩ N (γ)). 
In contact geometry on three-manifolds there is a dichotomy of fundamental impor-
tance: a contact structure can be tight or overtwisted, and from a topological standpoint
the tight structures are the interesting ones.
Definition 9.10. A contact structure ξ on a three-manifold Y is overtwisted if there
is a an embedded (two-dimensional) disk D ⊂ Y such ξ is tangent to D at all points of
∂D. It is tight if there is no such disk.
For visible lens spaces, there is an easy way detect overtwistedness of a contact
structure. The following construction of overtwisted contact structures was first made
by Lerman [28] to illustrate the existence of a countable number of non-conjugate tori
of dimension two in the group of contactomorphisms of these contact structures on lens
spaces.
Proposition 9.11. Suppose γ ⊂ (B,A,S) determines a visible lens space. Consider
the image of γ in (R2,A0) and a point x0 in R2 as in Proposition 9.9. If the image of
Int(γ) intersects any line through x0 more than once, then the induced contact structure
on the lens space is overtwisted.
Proof. View γ as an immersion γ : [0, 1] → (R2,A0) with tangent vectors γ′(t).
We can assume, without loss of generality, that x0 is the origin in R
2, that γ(0) is on
the positive vertical axis and γ′(0) has a positive horizontal component. Proposition 9.9
implies the existence of a contact structure ξ that in terms of local coordinates can be
given as ξ = ker pdq.
Consider the visible disk D = Σγ([0,τ ]), 0 < τ < 1, with compatible vector (1, 0).
(See Section 7.1 for definitions.) The boundary of the disk consists of points that project
to γ(τ). In terms of local coordinates, the tangent plane to the disk at these points is
spanned by the vectors γ′(τ) = v ∂
∂p
, v ∈ R2, and ∂
∂q1
. Meanwhile, the contact planes are
spanned by γ′(τ) and (Jp) ∂
∂q
. Here, J =
(
0 −1
1 0
)
. Thus tangency of D and the contact
planes occurs all along the boundary if we can choose τ so that γ(τ) lies on the vertical
axis. Definition 9.10 implies that under these conditions the induced contact structure
is overtwisted. 
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Note that in the above construction it does not suffice for the endpoints of γ to lie
on a line. If they do, and Int(γ) belongs to an open half-space, then γ([0, τ ]) = γ([0, 1])
defines a sphere – and hence is not a candidate for an overtwisted disk.
Exercise 9.12. Check that the characteristic foliation (defined in [11]) on the over-
twisted disk D in the preceding proof is exactly the degenerate characteristic foliation
shown in Figure 3 of [11].
Determining tightness of a contact structure is a difficult problem in general. One of
the most useful criteria is that of fillability:
Definition 9.13. Consider a symplectic manifold (M,ω) with boundary Y = ∂M .
The boundary is ω-convex if a collar neighborhood of Y admits an outward pointing
expanding vector field transverse to N . Then the induced contact structure ξ on Y is
(strongly symplectically) fillable and (M,ω) is a (strong symplectic) filling of (Y, ξ).
Theorem 9.14 (Gromov, Eliashberg; cf. [12]). If a contact three-manifold (Y, ξ) is
fillable then the contact structure ξ is tight.
There are several notions of fillability of contact manifolds; any one of them suffices
in the above theorem. For more details see [13].
Corollary 9.15. If the boundary of a symplectic manifold (M,ω) is ω-convex, then
the induced contact structure is tight.
Corollary 9.16. Let π : (M,ω) → (B,A,S) be an almost toric fibration of a
neighborhood of a nodal fiber, R ⊂ B an eigenray based at the node, and Φ : (B−R,A)→
(R2,A0) an immersion. Then Φ is an embedding.
Proof. Without loss of generality suppose that the image (under Φ) of the node is
the origin in R2. Let γ ⊂ (B,A,S) be a loop around the node, the image of ∂M ′ where
M ′ ⊂M is a closed almost toric neighborhood of the nodal fiber. Suppose without loss
of generality that the image of γ∩(B−R) in (R2,A0) is transverse to the vector field p ∂∂p .
With respect to standard coordinates on the preimage of B−R, p ∂
∂p
is a vector field that
extends to an expanding vector field X on a full collar neighborhood of ∂M ′. Since X
is transverse to ∂M ′, Theorem 9.14 implies the induced contact structure ξ = ker(ιXω)
is tight. But Proposition 9.11 implies this can happen only if Φ is one to one. 
9.3. Rational balls. The base V n,m defines a toric fibration of the cone on L(n,m)
and has an orbifold singularity whenever n 6= 1. When n = 1 we have seen in Section 6.1
that an another almost-toric fibration (of R4, the cone on S3) can be obtained by trading
the vertex for a node. We can in fact mimic this construction whenever n = k2,m = kl−1
for relatively prime integers k, l because the linear map Al,k (defined in Equation (4.11))
maps the vector (k2, kl − 1) to (0,−1). Specifically, modify the base diagram for V n,m
by removing the vertex and including a ray R marked by heavy dashes, based at (tk, tl)
for some t > 0 and passing through the origin. The resulting base V˜n,m is the base of an
almost toric fibration of a smooth manifold. (See Figure 13.)
What is the manifold? The structure of the base implies that this manifold, say M ,
is obtained from T 2×D2 by forcing (−l, k) to be a vanishing class (thereby introducing a
nodal fiber) and having (1, 0) be a collapsing class in a boundary reduction. Since these
two vectors span Q2, we have H∗(M,Q) = H∗(R
4,Q). The construction also reveals that
H1(M,Z) = Zk.
Now consider any embedded arc γ with vertices on the two edges of the base diagram
for V˜n,m. If γ does not intersect the ray R then it defines a visible lens space L(k
2, kl−1)
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Figure 13. Rational ball with boundary L(k2, kl − 1).
that bounds a compact manifold with boundary whose homology with rational coeffi-
cients is that of a ball; this manifold with boundary, denoted here as Bk,l, is called a
rational ball. Invoking Proposition 9.9, the boundary is equipped with an induced tight
contact structure if γ is transverse to the radial vector field p ∂
∂p
.
Exercise 9.17. Check that if γ intersects the ray R once (away from the node) then
it defines a visible surface that is diffeomorphic to S1 × S2. Does the transversality of γ
with the vector field p ∂
∂p
ensure an induced tight contact structure?
9.4. Chains of spheres. The rational balls of the previous section are almost toric
manifolds bounded by the lens spaces L(k2, kl − 1). In fact, every lens space bounds a
smooth manifold that can be equipped with a symplectic structure and a toric fibration.
Definition 9.18. A chain of spheres in a smooth four-manifold is a collection of
embedded spheres Si, i = 1, . . . k such that Si · Si+1 = 1 for i = 1, . . . , k − 1, Si · Sj = 0
for j 6= i, i+ 1, and all intersections are transverse.
A model for a neighborhood of a chain of spheres in a four-manifold is a linear
plumbing of disk bundles:
Definition 9.19. A plumbing of two disk bundles over spheres πi : Xi → Σi is
the space (X1 ∪ X2)/ϕ where ϕ : π−12 (D2) → π−11 (D1) is an orientation preserving
diffeomorphism that maps the disk D2 ⊂ Σ2 to a fiber of π−11 (D1) and maps a fiber
of π−12 (D2) to the disk D1 ⊂ Σ1. A linear plumbing of disk bundles πi : Xi → Σi,
i = 1, . . . k, is the space ⊔iXi/ϕ1, . . . ϕk−1 where ϕi : π−1i+1(Di+1)→ π−1i (D′i) is as above
and for each i ∈ {2, . . . , k − 1}, π−1i (Di) and π−1i (D′i) are disjoint.
The following theorem is well known (cf. [25]). Here we give a proof in terms of base
diagrams.
Theorem 9.20. Let N be a closed neighborhood of a chain of spheres {Si}i=1,...k in a
four-manifold such that the spheres Si have self-intersections −bi. Then ∂N = L(n,m)
where
(9.5)
n
m
= [b1, b2, . . . bk] := b1 − 1
b2 − · · · 1bk
.
Proof. Let Ui be the quadrilateral in R
2 that is the intersection of the open half-
plane {p2 < ε} and Un,1 of Example 3.26 with n = bi and s = ai. Thus the base diagram
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Ui defines a model neighborhood of a sphere with self-intersection −bi. Now “plumb”
the base diagrams Ui, i = 1, . . . k. Specifically, let ui = (ai, 0) and Ai =
(
bi −1
1 0
)
. Let
Di,D
′
i be two dimensional polydisks such as shown in Figure 14 and then construct
B = ⊔ki=1Ui/φ1, . . . φk−1 where φi : Di+1 → D′i is defined by φi(x) = Aix + ui. The
parameter ε is assumed to be chosen small enough that the Di,D
′
i are disjoint. Then
Proposition 3.22 implies we have constructed a base that defines a plumbing of the disk
bundles defined by the Ui. An example is shown in Figure 15 with k = 3, b1 = 2, b2 = 1,
and b3 = 3. Finally, an embedded smooth curve γ ⊂ B that projects to a curve with
endpoints on the “initial” and “final” edges (as in Figure 15) defines a visible lens space
that is the boundary of a closed neighborhood of the spheres.
To calculate which lens space bounds this neighborhood, choose an immersion Φ :
(B,A) → (R2,A0) such that Φ(U1) = Ub1,1. Then notice that the image (under Φ) of
the final vector is
(9.6) A1 · · ·Ak−1
(
bk
1
)
.
Now,
(9.7) Aj
(
x
y
)
=
(
bjx− y
x
)
which changes the ratio x
y
to bj−1/xy . The conclusion of the theorem follows immediately.

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Exercise 9.21. Use base diagrams to check that if bi = −1 for some 1 ≤ i ≤ k then
[b1, . . . , bi−1, bi, bi+1, . . . , bk] = [b1, . . . , bi−1, bi+1, . . . , bk].
Exercise 9.22. Consider a linear plumbing that is a model neighborhood for a chain
of spheres {Si}i=1,...k with self-intersections bi ≥ 2. Show that inside the linear plumbing
there is an arbitrarily small closed toric neighborhood of the chain of spheres whose
boundary is ω-convex. (See Definition 9.13.)
10. Surgeries
10.1. Rational blowdown. Almost toric fibrations of open manifolds and mani-
folds with boundary are very useful for understanding surgeries of symplectic manifolds.
The key is that the gluing locus for such surgeries often admit an almost toric fibration.
Blowing up and down are the simplest examples of this. One need not have an almost
toric fibration of a symplectic manifold (M,ω) in order to “see” a blow-up or blow-down;
one only needs a toric fibration of an embedded symplectic ball or a neighborhood of a
symplectic −1-sphere. In the first case one can push forward the fibration of the standard
ball that is being embedded; in the second case the symplectic neighborhood theorem
guarantees that the −1 sphere has a neighborhood symplectomorphic to a toric fibered
model. The fact that balls and spheres of the appropriate sizes have fibrations whose
bases are equivalent near their boundaries gives a “toric proof” that this surgery can be
achieved.
More general than blowing down, in which one replaces a neighborhood of a −1-
sphere by a ball, one can replace certain chains of spheres (Section 9.4) by a rational
ball. This surgery is called a (generalized) rational blowdown:
Definition 10.1. If a smooth four-manifoldM contains a chain of spheres such that
the boundary of a closed neighborhood N of the spheres is the lens space L(n2, nm− 1),
then the generalized rational blowdown of M along the spheres is
(10.1) M˜ := (M − Int(N)) ∪ϕ Bn,m
where ϕ is an orientation preserving diffeomorphism from the boundary of N to the
boundary of the rational ball Bn,m.
This smooth surgery (in the casem = 1) was used by Fintushel and Stern to prove the
diffeomorphism classification of elliptic surfaces and to construct interesting smooth four-
manifolds including an infinite family of simply connected four-manifolds not homotopic
to a complex surface. They also used it to give an alterative construction of the exotic
K3 surfaces of Gompf and Mrowka (manifolds homeomorphic but not diffeomorphic to
the K3 surface).
Almost toric fibrations yield a virtually pictorial proof of
Theorem 10.2 (Symington [36]). If a symplectic four-manifold (M,ω) contains a
chain of spheres, each of which is symplectic, such that the boundary of a closed neighbor-
hood of the spheres is the lens space L(k2, kl − 1), k ≥ 2 and l ≥ 1, then the generalized
rational blowdown of (M,ω) along the spheres admits a symplectic structure induced by
ω.
Indeed, we constructed in Section 9.4 a toric neighborhood of a chain of spheres
whose boundary is L(n,m). Taking n = k2, m = kl − 1, a slight generalization of the
symplectic neighborhood theorem implies that the chain of spheres in the theorem have
a neighborhood symplectomorphic to our model toric one (for some curve γ). We also
constructed, in Section 9.3, an almost toric fibration of a rational ball. The structure of
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the bases of these fibrations makes it clear that whenever a rational ball with boundary
L(k2, kl− 1) can replace a neighborhood of a chain of spheres smoothly then this can be
done symplectically.
As a consequence of Theorem 10.2, the smooth manifolds mentioned above (con-
structed by Fintushel and Stern) all admit symplectic structures.
10.2. Symplectic sum. The symplectic sum was defined in [22] by Gromov and
used to great effect (mostly in dimension four) by Gompf [18] and Fintushel and Stern [14].
Definition 10.3. Consider two symplectic manifolds (Mi, ωi), i = 1, 2, that con-
tain symplectomorphic codimension two submanifolds Σi with anti-isomorphic normal
bundles. Let Mi − Σi be the manifold with boundary such that Mi −Σi−Yi is symplec-
tomorphic to (Mi − Σi, ω) with Yi ⊂ ∂Mi − Σi being diffeomorphic to a circle bundle
over Σi. The fiber sum M1#Σ1=Σ2M2 is then M1 −Σ1 ∪ϕ M2 − Σ2 with the induced
symplectic structure, where ϕ : Y1 → Y2 is an orientation reversing diffeomorphism.
In dimension four, the normal bundles of surfaces Σi are anti-isomorphic when their
self-intersections sum to zero and the surfaces themselves are symplectomorphic if they
have the same genus and area.
When the surfaces are spheres base diagrams give a way to picture the symplectic
sum. Specifically, if the surfaces are spheres of self-intersection n and −n, invoking the
symplectic neighborhood theorem we know that we can find neighborhoods of the Σi
that admit toric fibrations with bases Un,1, U−n,1 of Example 3.26 for some choice of
s. Change the stratification in each base by making the interior of the edge that is the
image of Σi part of the non-reduced boundary. This gives base diagrams that define
toric fibrations of collar neighborhoods of the Yi in (Mi − Σi, ω). Under the hypotheses
of the theorem, Proposition 3.22 implies the bases for the collar neighborhoods of the Yi
can be joined along the images of the Yi to yield a base for a toric fibration of the gluing
locus in the summed manifold.
Remark 10.4. When performing the symplectic sum of symplectic four-manifolds it
is not necessary for the surfaces Σ1,Σ2 to be symplectomorphic. Unless they have self-
intersection zero, it suffices that they have the same genus and opposite self-intersection
numbers, and that one be willing to thicken or thin one of the (Mi, ωi), i = 1 or 2, along
Σi.
If Σ1,Σ2 are symplectic tori then they have almost toric neighborhoods. Modifying
Un,1, U−n,1 by replacing the left and right edges by light lines marked with arrows to
indicate that they are identified yields base diagrams for such neighborhoods. Then, as
above, carrying out the symplectic sum along these surfaces corresponds to replacing the
reduced boundary component in each base by a non-reduced boundary component and
then identifying these two boundary components by an affine isomorphism.
Of course, if an almost toric fibration is given and the Σi are spheres or tori belonging
to the preimage of the reduced boundary in eachMi, then the above procedure shows the
symplectic sum can be performed within the category of almost toric fibered manifolds.
Exercise 10.5. If the surfaces Σi have genus ≥ 2 then they do not have an almost
toric neighborhood. Nonetheless, one can still draw base diagrams that encode the sum.
We leave it to the interested reader to sort this out. Hint: Decompose each surface as
Σi = Di ∪ Σ′i where Σ′i = Σi −D′i and D′i ⊂ Di are disks such that the areas of Σi −D′i
are equal and so are the areas of the Di−D′i. Find disk bundle neighborhoods of the Σi
and local coordinates that trivialize the bundles over the Σ−D′i with compatible almost
toric fibrations of the bundles over the Di −D′i and the Di. The base diagrams for the
fibrations of the disk bundles over the Di then reveal the essence of the symplectic sum.
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Figure 16. Fibration of CP 2#3CP
2
.
11. Images of the K3 surface
The base of a Lagrangian fibered K3 surface is a sphere so there are no base diagrams
per se. However, using symplectic sums we can give presentations of the K3 as a union
of fibrations over topological disks for which we can draw base diagrams.
Our first construction was initially observed by Zung [39]. Consider the base diagram
shown in Figure 16 that defines a Lagrangian fibration π : (M,ω) → (B,A,S) where
M = CP 2#3CP
2
The essence is to perform successive symplectic sums of eight copies of
this manifold by summing eight copies of (B,A,S), i.e. by performing symplectic sums
that are compatible with the Lagrangian fibrations. Specifically, the reduced boundary
shown in Figure 16 is a union of three rational line segments that are the images of
three symplectic spheres of self-intersection zero, all having equal area. If we sum two
copies of the base we get a second base that defined a fibered manifold with six nodal
fibers and two spheres of self-intersection zero that project to the boundary of the base.
(The new spheres are connect sums of two pairs of the original ones.) Performing a
symplectic sum of two copies of this second base yields a third; it defines a fibration
over a disk with 12 nodes and one smooth component to the reduced boundary. (As a
shortcut, one can sum four copies of the original manifold at once using the four-fold
sum [32], also in terms of gluing the bases together.) Lemma 5.21 and Theorem A.1
together imply that the resulting manifold is diffeomorphic to E(1). The preimage of the
boundary is a symplectic torus of self-intersection zero so we can perform a symplectic
sum of two copies to get a fibration over the sphere with 24 nodal fibers; by the proof of
Theorem 5.19 this is a K3 surface.
A standard fact about the K3 surface is that its intersection form, with respect to an
appropriate basis for H2(K3,Z), is −E8 ⊕ −E8 ⊕ 3
(
0 1
1 −2
)
. Our goal now is to present
an almost toric fibration of the K3 surface so that, via base diagrams, we can identify
surfaces that represent such a basis for H2(K3,Z).
We do this by presenting the K3 surface via an almost toric fibration of E(1)=
CP 2#9CP
2
with two key properties:
• the reduced boundary has one smooth component that is the whole boundary
and
• we can identify visible surfaces, disjoint form the preimage of the reduced bound-
ary, that represent a basis for H2(E(1),Z) with respect to which the intersection
form is −E8 ⊕
(
0 1
1 −1
)
.
The first property allows us to define an almost toric fibration of the K3 surface by
identifying two copies of this base diagram along their boundaries. This amounts to
performing a symplectic sum of two copies of E(1) along the tori that are the preimage
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Figure 17. Visible surfaces showing basis for H2(E(1),Z).
of the reduced boundary. The second property allows us to immediately see most of the
surfaces we are looking for in the K3 surface. We explain how to identify all 22 of them.
As preparation we start with a base diagram (Figure 17) for an almost toric fibration
of E(1)= CP 2#9CP
2
in which we can see visible surfaces Ση0 ,Ση1 , . . .Ση9 where each
Σηi , i ≥ 1 is a −1-sphere coming from a blow-up. Letting h = [Ση0 ] and ei = [Σηi ]
for i ≥ 1 we get a basis for the second homology in which the intersection form is
< 1 > ⊕9 < −1 >.
Now making nodal trades at each vertex we get the fibration defined by the base
diagram in Figure 18. The visible surfaces Σγi , i = 1, . . . 10 represent a basis for the
second homology with respect to which we get the intersection form −E8 ⊕
(
0 1
1 −1
)
.
Indeed, [Σγj ] = ej − ej+1, j = 1, . . . 7, [Σγ8 ] = e6 + e7 + e8 − h, [Σγ9 ] = e9, and
[Σγ10 ] = 3h −
∑9
i=1 ei when the appropriate orientations are chosen. Notice that Σγ8
does define a smooth sphere: With respect to the induced standard coordinates the
compatible vector must be the vanishing covector at each endpoint, namely (−1, 1) and
(2, 1); each time γ8 crosses a wedge corresponding to a blow-up the coordinates of the
vector change by an application of ( 0 11 1 ); since (
0 1
1 1 )
3 (−1
1
)
= ( 21 ) the compatible vector
is well defined.
Using the techniques developed in Section 7.1 the homology classes represented by
the surfaces Σγi can be read off the base diagram (for which the previous fibration of
E(1) may be helpful) and it is straightforward to check the intersection pairing of the
surfaces.
Now perform the symplectic sum of the two copies of E(1): remove the torus Σγ10
from each E(1) and replace it with a 3-torus (i.e. replace the almost toric fibered E(1)
with its boundary recovery, Definition 3.14) and then identify the two resulting four-
manifolds M1,M2 along their boundaries. In doing so, we can lift Σγ10 to a torus inside
the boundary of each Mi and can identify ∂M1 = ∂M2 so that the lifted two-tori in the
two boundaries are identified. Call the homology class of this torus in K3 surface T1.
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Figure 18. Another basis for H2(E(1),Z).
Because each γi, i = 1, . . . 8 is disjoint from the reduced boundary, the spheres
Σγi , i = 1, . . . , 8 embed into the K3 surface after we have performed the symplectic
sum. Furthermore, the induced map on homology is injective on the subspace spanned
by the corresponding homology classes so the images of the [Σγj ], j = 1, . . . , 7 and of
[Σγ8 ] represent distinct homology classes that we name V
i
j and W
i respectively, where i
indicates which copy of E(1) the surface came from.
Meanwhile, the surfaces Σγ9 in each copy of E(1) lift to closed disks in M1,M2 and
the visible disks Σγ11 in each E(1) remain visible disks in M1,M2. It is easy to perform
the symplectic sum in such a way that the boundaries of these corresponding visible
disks in each Mi are identified. The result will be two spheres of self-intersection −2, the
first of which intersects T1 transversely in one point. Call the homology classes of these
spheres S1 and S2 respectively. Let S3 be the homology class of a section of the almost
toric fibration of the K3.
Inside the 3-torus boundary of M1 we can find two other tori that are products of
affine circles so that together with the lift of Σγ10 they span H2(∂M1,Z). Let T2, T3 be
the homology classes of the images in the K3 surface (via inclusion) of these tori, with
T3 corresponding to the one that is a Lagrangian fiber in M1.
Then it is straightforward to check that V ij ,W
i, Tk, Sk, i = 1, 2, j = 1, . . . 7, k = 1, 2, 3
is a basis for the second homology of the K3 with respect to which the intersection form
is −E8 ⊕−E8 ⊕ 3
(
0 1
1 −2
)
.
Appendix A. Closed toric four-manifolds
The following basic theorem is well known but direct proofs in the symplectic category
are difficult to find.
Theorem A.1. Suppose M is a closed four-manifold that admits a symplectic struc-
ture and toric fibration π : (M,ω) → (B,A,S). Let k be the number of vertices of the
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base. Then M is diffeomorphic to CP 2#(k − 3)CP 2 if k 6= 4 and is diffeomorphic to
CP 2#CP
2
or S2 × S2 if k = 4. The latter two cases can be distinguished by whether or
not (respectively) a pair of non-adjacent edges has odd cross product (thereby revealing a
sphere with odd self-intersection).
Delzant [8] proved that a closed symplectic toric manifold is diffeomorphic to a
smooth compact toric variety. (See also the appendix of [6] for the dimension four case.)
Then one can appeal to the classification of smooth compact toric complex surfaces,
cf. [16]. Here we provide a simple proof that is in keeping with the perspective of this
paper, namely we classify the bases B that can define a toric fibration of a closed four-
manifold. When there are few vertices in the base (three or four) it is easy to determine
the possible bases and the corresponding manifolds. The main issue is to prove that if
there are more than four vertices then at least one of the edges must be the image of a
−1-sphere that can be blown down (Proposition A.5).
First we set some notation to be used throughout this section. Since the base of a
toric fibration of a closed manifold is isomorphic to the image of the moment map for a
torus action (B,A) must be isomorphic to a convex polygon (B,A0) ⊂ (R2,A0). Label
vertices of the polygon in R2 clockwise as xi, i = 1, . . . n. Let ei be the primitive integral
vector that points from xi+1 to xi (where xn+1 = x1) and let Si be the sphere whose
image is the edge with vertices xi, xi+1.
The fact that M is a smooth closed manifold implies that at each vertex xi we have
|ei+1 × ei| = 1. The clockwise numbering of the vertices and the convexity condition
then imply the refinement
(A.1) ei+1 × ei = 1.
Furthermore,
Lemma A.2. The sphere Sj has self-intersection ej−1 × ej+1.
Exercise A.3. Prove this as a corollary of Proposition 7.13
Lemma A.4. Let π : (M,ω) → (B,A0,S) be a toric fibration of a closed manifold
M . If the base has three vertices then M must be diffeomorphic to CP 2 and there is a
unique fibration (up to scaling). If the base has four vertices then M is diffeomorphic to
S2 × S2 or the non-trivial S2 bundle over S2 (or, equivalently, CP 2#CP 2).
Proof. Assume without loss of generality that x1 = (a1, 0) for some a1 > 0, x2 =
(0, 0) and x3 = (0, a2). This implies e1 = (1, 0), a2 > 0 and e2 = (0,−1). Suppose
(B,A0,S) has three vertices. The smoothness and convexity constraint (Equation A.1)
at x1 and x3 forces e3 = (−1, 1) and a1 = a2. This shows that up to scaling and integral
affine isomorphism there is only one base (B,A0,S) with three vertices. Consulting
Figure 1(b) we see that this base defines CP 2 and that, up to scaling of the total volume
(Section 8.3) all Lagrangian fibrations of CP 2 are equivalent.
If (B,A0,S) has four vertices, the smoothness and convexity constraint Equation A.1
at x3 and x1 forces e3 = (−1, n3) and e4 = (m4, 1). Applying the constraint at x4 implies
either n3 = 0 or m4 = 0. Our choice of which edge to put on the horizontal axis allows
us to stipulate, without loss of generality, that n3 = 0 and m4 = n ≥ 0. Appealing to
Example 3.26 and our calculations of self-intersections in Section 7.3 we see that M is
the union of two disk bundles over the sphere glued along their boundaries and hence is
a sphere bundle over a sphere. Because π1(Diff
+S2) = π1(SO(3)) = Z2 there are only
two possibilities: a trivial bundle S2 × S2 and a non-trivial bundle. Taking S1, S2 as a
basis for the second homology the intersection forms is QM =
(
−n 1
1 0
)
. This implies M
is diffeomorphic to Mn = S
2 × S2 when n is even and Mn = S2×˜S2 when n is odd. To
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see that the non-trivial sphere bundle is diffeomorphic to CP 2#CP 2, notice that when
n = 1, S1 is the image of a −1-sphere and that blowing this sphere down (Section 10.1)
yields CP 2. 
It is not so convenient to enumerate the possible bases (B,A0,S) that have five or
more vertices (and satisfy ∂RB = ∂B so that they define a closed manifold). However,
Proposition A.5. If π : (M,ω)→ (B,A0,S) is a toric fibration of a closed manifold
M such that the base has at least five vertices, then some edge in ∂B is the image of a
sphere with self-intersection −1.
Lemma A.6. If (B,A0,S) has at least five vertices, then there are at most two edges
in ∂B that are the image of a sphere with non-negative self-intersection and these two
edges must be adjacent. Furthermore, only one of these two spheres can have positive
self-intersection.
Proof. Position the vertices ei so that their bases are all at the origin and let αi be
the angle between ei and ei+1 and observe that
∑
i αi = 2π. (Note that having done so
one sees the fan corresponding to the complex toric variety diffeomorphic to the manifold
defined by (B,A0,S)). Lemma A.2 implies that an edge of B with tangent vector ei is
the image of a sphere Si of non-negative self-intersection if and only if αi−1 + αi ≥ π.
Suppose that three of the spheres have non-negative self-intersection. Then the
condition on the angles implies the spheres are adjacent and there are at most four
angles, and hence at most four edges contradicting our assumption of at least five edges.
Knowing now that there are at most two such spheres, suppose there are two and
that they are not adjacent. Let S2 be one of the two spheres with non-negative self-
intersection and, without loss of generality, let e1 = (1, 0). Then α1 + α2 ≥ π implies
e3 = (a, b) with b ≤ 0. Since
∑
i αi = 2π, the spheres of non-negative self-intersection
being adjacent forces the other such sphere to be S4, e3 = (−1, 0). Hence both S2, S4
must have self-intersection zero and there are only four spheres, again a contradiction.
Finally, suppose there is a pair of adjacent spheres having positive self-intersection.
Refer again to the base in (R2,A0) with the vectors e1, e2 chosen as in the proof of
Lemma A.4. Smoothness at x1 and x3 implies that en = (−k, 1) and e3 = (−1, l) for
some k, l > 0. But then convexity of the image implies that k = l and e3 = en so there
are only three edges, a contradiction. 
Proof of Proposition A.5. Assume that no Si is a −1-sphere.
By Lemma A.6 we can assume that either
(1) Si · Si ≤ −2 for all i, or
(2) Sn · Sn ≥ 0, Sn−1 · Sn−1 = 0 and Si · Si ≤ −2 for all other i, or
(3) Sn · Sn ≥ 0 and Si · Si ≤ −2 for all other i.
Appealing to Exercise 9.22 we see right away that the first case is impossible since
(B,A0) is a closed polygon. In the second case, since Sn−1 · Sn−1 = 0, we can assume
that en−2 = (1, 0), en−1 = (0,−1) and en = (−1, 0). Then Sn ·Sn ≥ 0 implies e1 = (m, 1)
with m ≥ 0 while Si · Si ≤ −2 for 1 ≤ i ≤ n − 2 implies e1 = (k, l) for some relatively
prime k, l > 0 such that k
l
= [bn−2, . . . , b2] with bj ≥ 2 for all 2 ≤ j ≤ n − 2. For these
constraints on e1 to agree we must have l = 1 which forces n− 2 = 2 in which case there
are only four edges, a contradiction. In the third case we can assume that en = (0,−1)
and en−1 = (1, 0). Then Sn · Sn ≥ 0 implies e1 = (−1, k), k ≥ 0 and Si · Si ≤ −2 for
2 ≤ i ≤ n− 1 implies e1 = (k, l) as in the previous case; but this is a contradiction since
k, l > 0. 
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Proof of Theorem A.1. We now know that we can blow down any closed toric
manifold fibering over a polygon with at least five sides to yield a toric fibered closed
manifold whose base has one less side. It follows that any such manifold is the blow-up
of S2×S2 or CP 2#CP 2. But we can refine this statement a bit thanks to the following
fact:
Exercise A.7. Use base diagrams (moment map images) for toric fibrations of S2×
S2 and CP 2#CP
2
to show that (S2 × S2)#CP 2 and CP 2#2CP 2 are diffeomorphic.
This completes the proof of Theorem A.1. 
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